
Facoltà di Scienze e Tecnologie

Corso di Laurea Magistrale in Fisica

A COVARIANT APPROACH TO

GENERALIZED ROBERTSON-WALKER

AND TWISTED SPACE-TIMES

Relatore:

Prof. Luca Guido Molinari

Correlatore:

Prof. Luigi Guzzo

Tesi di laurea di:

Adriano Tacchini

Matricola n◦ 902292

Codice PACS: 04.20.-q

Anno Accademico 2018/2019



Contents

1 Fluids in General Relativity 4

1.1 Velocity vector fields . . . . . . . . . . . . . . . . . . . . . . . . 4

1.2 The stress-energy tensor . . . . . . . . . . . . . . . . . . . . . . 6

1.2.1 Perfect fluid . . . . . . . . . . . . . . . . . . . . . . . . . 6

1.2.2 Imperfect fluids . . . . . . . . . . . . . . . . . . . . . . . 7

1.2.3 Perfect fluid mixture . . . . . . . . . . . . . . . . . . . . 10

1.3 Energy conditions . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 The hierarchy of twisted spacetimes 14

2.1 Twisted spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . 15

2.1.1 Distributions and foliations . . . . . . . . . . . . . . . . 16

2.1.2 The torse-forming characterization . . . . . . . . . . . . 20

2.2 Generalized Robertson-Walker spacetimes . . . . . . . . . . . . 24

2.2.1 Perfect fluid GRW spacetimes . . . . . . . . . . . . . . . 27

2.2.2 Conformal trasformations . . . . . . . . . . . . . . . . . 30

2.2.3 A recent result for f(R) gravity in GRW . . . . . . . . . 32

2.3 Robertson-Walker spacetimes . . . . . . . . . . . . . . . . . . . 33

3 Unicity of the torse-forming vector 37

3.1 Duality in twisted spacetimes . . . . . . . . . . . . . . . . . . . 38

3.1.1 Four-dimensional twisted spacetimes . . . . . . . . . . . 45

3.1.2 Two perfect fluid picture . . . . . . . . . . . . . . . . . 46

3.1.3 The unique torse-forming vector case . . . . . . . . . . . 48

3.2 Unicity in GRW spacetimes . . . . . . . . . . . . . . . . . . . . 50

A A brief reminder of differential geometry 54

A.1 Manifolds . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

A.2 Tangent space . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55

A.3 Dual form vectors and tensors . . . . . . . . . . . . . . . . . . . 56

i



A.4 Pseudo-Riemannian manifolds . . . . . . . . . . . . . . . . . . . 58

A.5 Derivative operators . . . . . . . . . . . . . . . . . . . . . . . . 59

A.6 Curvature: the Riemann tensor . . . . . . . . . . . . . . . . . . 61

B Riemann tensor on twisted and GRW spacetimes 63

B.1 Twisted spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . 63

B.2 GRW spacetimes . . . . . . . . . . . . . . . . . . . . . . . . . . 64

Bibliography 65

ii



Abstract

One of the most interesting generalizations of the notion of direct product

of two manifolds is the notion of twisted product and its subclass of warped

product. In particular, if the spacetime (M, g) is the twisted or the warped

product between a time interval and a spatial submanifold, M is named respec-

tively twisted spacetime or generalized Robertson-Walker spacetime (GRW).

From a physical point of view, the importance of these spaces lies in the fact

that they are a straightforward generalization of Robertson-Walker spacetimes

(RW). RW metrics are the exact solutions of Einstein’s field equations that de-

scribe a spatially homogeneous, isotropic, expanding or contracting universe.

When the hypothesis of homogeneity and isotropy are relaxed they can give

rise to GRW spacetimes or to twisted spacetimes, if the scale function also

depends on the spatial coordinates.

The aim of this work is to describe and investigate the broad classes of

twisted and GRW spacetimes through a covariant approach. We adopt the

characterization given by C. A. Mantica and L. G. Molinari through the ex-

istence of a timelike unit torse-forming vector field, i.e., a velocity field u

(giju
iuj = −1) such that its components satisfy ∇iuj = ϕ(gij + uiuj). Im-

portant results concerning twisted and GRW spacetimes have already been

published in [28][29][30][31].

The first chapter provides a covariant description of fluids in General Rel-

ativity [15]. In particular, we show how the covariant derivative of a velocity

vector field and the stress-energy tensor can be decomposed in a natural way.

We also report the Einstein’s field equations and the propagation and con-

straint equations given by the integrability conditions and by the Bianchi

identities.

In the second chapter we characterize a twisted spacetime through the

existence of a timelike unit torse-forming vector. In this way, the spacetime

admits a totally umbilical foliation orthogonal to a totally geodesic one, so

that the metric takes the local form

ds2 = −dt2 + f(t, ~x)2g∗µνdx
µdxν ,

without restrictions for the spatial submanifold (M∗, g∗). With the additional

condition that the torse-forming vector is eigenvector of the Ricci tensor, the

scalar function f depends only on time and the metric describes a GRW space-

time. The general expression of the Ricci tensor is obtained in both cases and

the properties for the Weyl tensor are listed. In particular, we discuss perfect
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fluid GRW spacetimes, i.e., GRW spacetimes such that the Ricci tensor has a

perfect fluid form. Finally, RW spacetimes are characterized as GRW space-

times such that the Weyl tensor is zero. This additional condition is equivalent

to the requirement that the spatial submanifold is a space of constant curva-

ture.

In the last chapter the possible existence of a second timelike unit torse-

forming vector is investigated, excluding the trivial antiparallel vector. On

a twisted spacetime there can exist at most two distinct timelike unit torse-

forming vectors connected by a hyperbolic rotation. Moreover, since the Ricci

tensor assumes two equivalent expressions, we obtain a restriction for the Weyl

tensor. The existence of a second torse-forming vector provides restrictions

for the spatial submanifold, in fact it can be expressed as a doubly twisted

manifold. The 4-dimensional twisted spacetime is a very particular case since

if it admits two distinct torse-forming vectors, then the complete tensorial

structure of the Weyl tensor is determined. In particular, using the Einstein’s

field equation the associated stress-energy tensor can be expressed as a mixture

of two perfect fluids. Finally, we discuss the unicity on GRW spacetimes.

In the most cases, the additional condition on the first torse-forming vector

prevents the existence of a second one. However, if the eigenvalue of the

Ricci tensor associated to the torse-forming vector is a constant, a second

torse-forming vector can exist and the submanifold takes the form of a doubly

warped manifold.

Notation

For the totally symmetric and totally antisymmetric parts of tensors of

type (0, `), we use the notation

T(i1...i`) =
1

`!

∑
π

Tiπ(1)...iπ(`) ,

T[i1...i`] =
1

`!

∑
π

δπTiπ(1)...iπ(`) ,

where the sum is taken over all permutations, π, of 1, . . . , n and δπ is +1 for

even permutations and −1 for odd permutations. Symmetric or antisymmetric

tensors for a group of indices are defined in a similar way.

Given a tensor of type (k, `), the symbol ‘;’ indicates the components of

the covariant derivative as

T i1...ik j1...j`;m = ∇mT i1...ik j1...j` ,
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while the symbol ‘,’ indicates the ordinary derivative as

T i1...ik j1...j`,m = ∂mT
i1...ik

j1...j` .

We adopt the sign convention (− + + . . .+) for the metric because it is

generally much more convenient than the alternative choice (+−− . . .−). In

fact, the first one induces a positive definite metric (rather than a negative

definite one) on spacelike hypersurfaces. We use latin indices for space or

time components of a tensor (i = 0, 1, . . . , n− 1), 0 or t for time components

and greek indices for purely spatial components (µ = 1, 2, . . . , n − 1). In the

last chapter, the indices A,B, . . . are used for the spatial components of the

(n-2)-dimensional spatial submanifold (A = 2, 3, . . . , n− 1).

Finally, we use the Planck units, such that the gravitational constant G

and the speed of light c are set equal to one.
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Chapter 1

Fluids in General Relativity

In General Relativity the relation between the spacetime geometry and the

matter distribution is described by Einstein’s field equations (EFE)

Rij −
1

2
Rgij = κTij . (1.0.1)

where Rij is the Ricci tensor, R = Rii is the scalar curvature, gij is the metric

tensor and Tij is the stress-energy tensor describing the matter distribution

such that it satisfies the conservation law ∇iTij = 0. For large scales the

hypothesis of homogeneity and isotropy hold and, on considering a perfect

fluid stress-energy tensor, an expanding or contracting universe is found. In

general, if the scale is not sufficiently large, the previous hypothesis are no

longer satisfied and a new description is necessary. Following G. Ellis and H.

van Elst [15] we provide a covariant description of fluids in General Relativity.

1.1 Velocity vector fields

Given a manifold M with dimension n, we define a congruence as a family

of curves, not necessarily geodesics, such that through each point there passes

precisely one curve in this family. The tangents to a congruence yield a vector

field, and, conversely, every continuous vector field generates a congruence of

curves. Without loss of generality, we may assume that the congruences are

parametrized by the proper time τ , i.e., ui = dxi/dτ , so that the vector field

ui is normalized to unit length, uiui = −1. In General Relativity, particle

motion is represented by one of these curves, i.e., through the tangent vectors

to the curve. Then, a congruence can be interpreted as a collection of particles

having timelike velocity field u.

4



CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

The components ui define unique projection tensors

U ij = −uiuj ,

hij = gij + uiuj .

The first one projects along the velocity vector ui, while hij projects on the

perpendicular direction to ui. Then, two derivatives are defined: the derivative

along the curves of the congruence, denoted by a dot

Ṫ i1...ik j1...j` = um∇mT i1...ik j1...j`

and the fully orthogonally projected covariant derivative ∇̃ such that

∇̃mT i1...ik j1...j` = hr1
i1 . . . hj`

s`hm
t∇tT r1...rks1...s` .

In this way, the derivative of the vector field u can be decomposed into its

irreducible parts, defined by their symmetry properties,

∇iuj = ∇̃iuj − uiaj

=
1

n− 1
θhij + σij + ωij − uiaj

(1.1.1)

where θ = ∇kuk = uk ;k, named expansion scalar, represents the rate of change

of space volume for unit volume, dV̇ /dV . The term ai = u̇i = uj∇jui is the

acceleration, with uka
k = 0. The tensor σij is the symmetric traceless shear

tensor such that σiju
i = 0, related to the distortion in shape of the fluid

without change of its volume (by the property σii = 0):

σij =
1

2

(
hi
k∇kuj + hj

k∇kui −
2

n− 1
θhij

)
= u(j;i) −

1

n− 1
θhij + u(iaj).

Finally, the antisymmetric tensor ωij represents the vorticity tensor, describing

the rotation of the matter relative to a non-rotating frame

ωij =
1

2

(
hi
k∇kuj − hjk∇kui

)
= u[j;i] + u[iaj].

Note that, since any second rank tensor could be written in terms of its sym-

metric and antisymmetric parts and hence the terms involving hij and ai

cancel out in (1.1.1). They are however required for the definitions of shear

and vorticity tensors in view of their being orthogonal to ui and traceless.
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CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

1.2 The stress-energy tensor

Physically, a velocity vector field can be associated to a continuous matter

distribution. In General Relativity, the energy density, the flux of energy and

the momentum of a matter distribution are described by a symmetric tensor

Tij called the stress-energy-momentum tensor, (often abbreviated as stress-

energy tensor), that satisfies the equations of motion

∇iT ij = 0. (1.2.1)

Using the EFE, the previous equations corresponds to the twice-contracted

Bianchi identities (A.6.2). To classify stress-energy tensors we use the fol-

lowing theorem concerning the natural decomposition of a general symmetric

tensor:

Theorem 1.2.1. Let Sij be a symmetric tensor and ui a timelike unit vector,

uiui = −1, then Sij can be written as follows:

Sij = (A+B)uiuj +Bgij − (Siuj + Sjui) + σij ,

where A and B are scalar fields, Si is a spacelike vector (Siui = 0), and σij

is a symmetric tensor such that σiju
j = 0 and σkk = 0. If ui is also an

eigenvector of Sij, then Si = 0.

Proof. Let us expand the identity Sij = Smn(hmi − umui)(hnj − unuj):

Sij = (Smnumun)uiuj − (Smnunhmi)uj − (Smnumhnj)ui + Smnhmihnj =

= Auiuj − Siuj − Sjui +Bhij + (Smn −Bhmn)hmihnj ,

with Siui = 0 and σiju
j = 0. The scalar field B is chosen such that the

last tensor σij is traceless, i.e., Skk = −A + B(n − 1). The identity Siju
j =

−(A+B)ui +Bui + Si shows that if ui is an eigenvector of Sij , then Si must

be equal to zero.

Remark 1.2.1. Note that SiSi = SmnSabhmaunub = (S2)mnu
mun +A2. The

orthogonality Siui = 0 implies that S0 = 0 in the rest frame, i.e. Si is a

spacelike vector, SiSi > 0.

1.2.1 Perfect fluid

A perfect fluid is defined to be a continuous distribution of matter with

stress-energy tensor

Tij = (µ+ p)uiuj + pgij , (1.2.2)
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CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

where ui is a unit timelike vector field representing the velocity of the fluid,

the functions µ and p are respectively the mass-energy density and pressure

of the fluid as measured in its rest frame, with a suitable equation of state

relating µ and p. In simple case the energy density and the pressure are related

by a barotropic relation p = p(µ). For example, baryons satisfy pb = 0, while

radiation pr = µr/3.

The fluid is called perfect because of the absence of heat conduction terms

and stress terms, corresponding to viscosity. The equation (1.2.1) for a perfect

fluid yields

µ̇+ (µ+ p)θ = 0,

(p+ µ)ai + hij∇jp = 0.

For a flat spacetime, i.e., gij = (−1, 1, . . . , 1), in the non-relativistic limits

(p � µ, ui = (1, ~v) and v dP/dt � |~∇p|), the previous equations correspond

respectively to the conservation of mass and Euler’s equations, i.e., the Navier-

Stokes equations with zero viscosity and zero heat flux,

∂µ

∂t
+ ~∇ · (µ~v) = 0,

µ

(
∂~v

∂t
+ (~v · ~∇)~v

)
= −~∇p.

1.2.2 Imperfect fluids

If the viscosity terms are non-zero, the fluid is named imperfect fluid and

the stress-energy tensor has the general form:

Tij = (µ+ p)uiuj + pgij + (qiuj + qjui) + πij . (1.2.3)

The quantities µ, p, qi and πij are given by:

µ =Tiju
iuj , p =

1

n− 1
hijTij ,

qi =− hijTjkuk,

πij =hi
mhj

nTmn −
1

n− 1
(hmnTmn)hij .

The viscosity terms drastically increase the complexity of the equations of

motion (1.2.1) and play an important role in the dispersion of energy of a

system. On a 4-dimensional spacetime

µ̇+ ∇̃iqi = −θ(µ+ p)− 2aiq
i − σijπij ,

hj
iq̇j + ∇̃ip+ ∇̃jπij = −4

3
θqi − σijqj − (µ+ p)ai − ajπij − ηijkωjqk,
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CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

where ηijk = η`ijku
` is the volume element for the rest-spaces (ηijk` = η[ijk`]

is the 4-dimensional volume element, η0123 =
√
−det g) and ωi = 1

2η
ijkωjk is

the vorticity vector.

There exist two more important set of equations: the Ricci and the Bianchi

identities. In the following we consider a 4-dimensional spacetime and the

physical quantities µ, p, qi and πij as in [15] such that the EFE are

Rij −
1

2
Rgij = Tij .

Ricci identities

The second set of equations is given by the integrability conditions. The

definition of the Riemann tensor gives

Rjk`mu
m = ∇j∇ku` −∇k∇ju`. (1.2.4)

Using the EFE and the decomposition of ∇iuj , separating out the parallel

and orthogonally projected parts into a trace, symmetric trace-free and anti-

symmetric part, we obtain three propagation equations and three constraint

equations.

The propagation equation are:

i. the Raychauduri equation

θ̇ +
1

3
θ2 = 2(ω2 − σ2) +∇kak −Rijuiuj ,

where 2σ2 = σijσ
ij and 2ω2 = ωijω

ij ;

ii. the vorticity propagation equation

hijω̇
j − 1

2
ηijk∇̃jak = −2

3
θωi + σijω

j

shows that the vorticity vanishes if and only if ω = 0 and the fluid flow

is hypersurface orthogonal;

iii. the shear propagation equation

σ̇〈ij〉 − ∇̃〈iaj〉 = −2

3
θσij + a〈iaj〉 − σ〈akσj〉k −

(
Eij − 1

2
πij
)
,

where Eij = Cirjsu
rus corresponds to the electric part relative to ui of

the Weyl tensor and the angle brackets denote the orthogonally projected

symmetric trace-free part of tensors, e.g.,

A〈ij〉 =

(
h(i

kh
j)
` −

1

3
hijhk`

)
Ak`.
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CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

Moreover, eq. (1.2.4) also gives the three constraint equations:

i. the (0α)-equation

∇̃jσij −
2

3
∇̃iθ + ηijk(∇̃jωk + 2ajωk) + qi = 0,

that shows how the momentum flux qi relates to the spatial inhomogene-

ity of the expansion;

ii. the vorticity divergence identity

∇̃iωi − aiωi = 0;

iii. the Hij-equation

H ij + 2a〈iωj〉 + ∇̃〈iωj〉 − (curlσ)ij = 0,

that gives the magnetic part of the Weyl tensor Hij = 1
2ηik`C

k`
jmu

m

from the covariant derivative of the vorticity and the curl of the shear,

(curlσ)ij = ηk`〈i∇̃kσj〉`.

Bianchi identities

The last important set of equations arise from the Bianchi identities

∇[iRjk]`
m = 0,

using the EFE and the definition of the Weyl tensor in terms of the Riemann

and the Ricci tensors. The once-contracted Bianchi identities give two further

propagation equations and two further constraint equations.

The propagation equations are

i. the Ė-equation

Ė〈ij〉 +
1

2
π̇〈ij〉 =(curlH)ij − 1

2
∇̃〈iqj〉 − 1

2
(µ+ p)σij − θ

(
Eij +

1

6
πij
)

+ 3σ〈ik

(
Ej〉k − 1

6
πj〉k

)
− a〈iqj〉

+ ηk`〈i
[
2akH

j〉
` + ωk

(
Ej〉` +

1

2
πj〉`

)]
;

ii. the Ḣ-equation

Ḣ〈ij〉 =− (curlE)ij +
1

2
(curlπ)ij − θH ij + 3σ〈ikH

j〉k +
3

2
ω〈iqj〉

− ηk`〈i
[
2akE

j〉
` − ωkHj〉

` −
1

2
σj〉kq`

]
,

9



CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

where (curlH), (curlE) and (curlπ) are defined in the obvious way (see the

expression of (curlσ)). In analogy to the electromagnetic case, these equations

yield to the gravitational radiation.

Finally, the constraint equations are

i. the (div E)-equation

∇̃jEij +
1

2
∇̃jπij =

1

3
∇̃iµ− 1

3
θqi +

1

2
σijq

j + 3ωjH
ij

+ ηijk
(
σj`H

`
k −

3

2
ωjqk

)
;

ii. the (div H)-equation

∇̃jH ij =− (µ+ p)ωi − 3ωj

(
Eij − 1

6
πij
)

− ηijk
(
σj`E

`
k +

1

2
∇̃jqk +

1

2
σj`π

`
k

)
.

1.2.3 Perfect fluid mixture

Several times in General Relativity, the matter is represented by a mixture

of two or more fluids. In particular, some astrophysical and cosmological

situations need to be described by a stress-energy tensor, made up of the sum

of two or more perfect fluids. Let us consider two perfect fluids with energy

densities µ1, µ2, pressures p1, p2 and velocity vector fields ui, zi:

T
(1)
ij = (µ1 + p1)uiuj + p1gij ,

T
(2)
ij = (µ2 + p2)zizj + p2gij .

The total stress-energy tensor is

Tij = T
(1)
ij + T

(2)
ij = (µ1 + p1)uiuj + (p1 + p2)gij + (µ2 + p2)zizj , (1.2.5)

where zi is such that zi 6= ui, else it would formally be that of a single fluid

with energy density µ1 + µ2 and pressure p1 + p2. The expression (1.2.5) is

equivalent to a stress-energy tensor of a single fluid with a non-zero heat flux

and a non-zero anisotropic stress tensor (1.2.3). Using the decomposition

zi = ui coshψ + bi sinhψ ψ 6= 0,

where ψ is called the tilt angle and biui = 0, we can deduce the equivalent

pressure and energy density of the mixture as

µ = Tiju
iuj = µ1 + (µ2 + p2) cosh2 ψ − p2, (1.2.6)

p =
1

n− 1
hijTij = p1 + p2 +

1

n− 1
(µ2 + p2) sinh2 ψ. (1.2.7)

10



CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

The heat flux q and the anisotropic stress tensor π are given respectively by

qi = −hijTjkuk = qbi,

πij = hi
mhj

nTmn −
1

n− 1
(hmnTmn)hij = π

[
qiqj −

1

n− 1
q2hij

]
,

with the scalar quantities q and π given by

q = (µ2 + p2) coshψ sinhψ, (1.2.8)

π =
1

cosh2 ψ(µ2 + p2)
. (1.2.9)

The two perfect fluids mixture is widely studied in literature. In [23], Letelier

examined the case in which the stress-energy tensor consists of a mixture of

two perfect fluids or a mixture of one perfect fluid and a null fluid. He studied

the two perfect fluids model in the instance in which both the velocities were

irrotational. The algebraic properties of the stress-energy tensor are studied

by J. J. Ferrando et al. in [16]. A. A. Coley and D. J. McManus in [13] and [12]

studied the special case in which the first fluid forms a shear-free, irrotational

and geodesic timelike congruence and the second is taken to be pure radiation

or a perfect fluid with a general velocity vector field non-collinear with the

first one. Moreover, they investigated the case of a single perfect fluid tilting

with respect to a shear-free, irrotational and geodesic timelike congruence.

1.3 Energy conditions

For any observer with velocity vi, the quantity Tijv
ivj is interpreted as

the energy density, i.e., the mass-energy per unit volume, as measured by this

observer. For normal matter, the energy density must be non-negative, i.e.,

Tijv
ivj ≥ 0. (1.3.1)

Such property is also named weak energy condition. Writing the stress-energy

tensor in the diagonal form

Tij = µtitj +

n−1∑
A=1

pAx
A
i x

A
j , (1.3.2)

where (ti, x
A
i ) is an orthonormal basis with a timelike vector ti and pA are

called principal pressures, the weak energy condition is satisfied if and only if

µ ≥ 0 and µ+ pA ≥ 0, with A = 1, . . . n− 1.

11



CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

If xi is orthogonal to vi, the component −Tijvixj is interpreted as the

momentum density of the matter in the xi-direction. The dominant energy

condition stipulates that, in addition to the weak energy condition, for any ob-

server with velocity field vi, the vector field −T ijvj must be a future-pointing

causal vector, i.e., a timelike or at most a null vector field. Such condition cor-

responds to the request that the matter can never be observed with a velocity

higher than light. For the stress-energy tensor (1.3.2) the dominant energy

condition takes the form

µ ≥ |pA| with A = 1, . . . n− 1.

Using the EFE, we can write an energy condition involving the Ricci tensor,

named strong energy condition

Rijv
ivj = κ

(
Tij −

1

2
Tgij

)
vivj ≥ 0. (1.3.3)

Such condition does not imply the weak energy condition, in fact, we refer

to it as strong only because it is more difficult to satisfy the strong energy

condition. In terms of the energy density and the principal pressures, (1.3.3)

becomes

µ+

n−1∑
A=1

pA ≥ 0 and µ+ pA ≥ 0, with A = 1, . . . n− 1.

The strong energy condition can be physically interpreted as a manifestation

of the attractiveness of gravity. Using the Raychaudhuri equation, eq. (1.3.3)

reduce to a condition about the expansion parameter θ. Since σijv
j = 0,

we have σ2 ≥ 0 and if the congruence is hypersurface orthogonal, then the

vorticity tensor ωij is null. Under these assumptions, if the strong condition

is satisfied, we obtain (in a 4-dimentional spacetime)

dθ

dτ
+

1

3
θ2 ≤ 0 i.e.

d

dτ
(θ−1) ≥ 1

3
,

then

θ−1(τ) ≥ θ−1
0 +

1

3
τ, (1.3.4)

where θ0 is the initial value of θ. If the congruence is initially contracting with

θ0 < 0, θ−1 will pass through zero, then θ will diverge (θ → −∞) in a finite

proper time τ ≤ 3/|θ0|. In general, the divergence of the expansion parameter

does not imply a singularity of spacetime, but represents only a singularity in

the congruence.

12



CHAPTER 1. FLUIDS IN GENERAL RELATIVITY

Finally, the null energy condition requires that for any future-pointing null

vector field ki

Tijk
ikj ≥ 0 (1.3.5)

or equivalently

µ+ pA ≥ 0, with A = 1, . . . n− 1.

13



Chapter 2

The hierarchy of twisted

spacetimes

In this chapter we shall discuss the hierarchy of the large class of twisted

spacetimes, which comes to life starting from the Robertson-Walker (RW)

spacetimes with a gradual relaxation of the constrains. RW metric is an ex-

act solution of the EFE of General Relativity that describes a homogeneous,

isotropic, expanding (or contracting) universe. The general form of the metric

follows from the geometric properties of homogeneity and isotropy and the

EFE are only needed to derive the scale factor of the universe as a function of

time.

Small deformations of the metric on the fiber of classical RW spacetimes fit

into the class of generalized Robertson-Walker (GRW) spacetimes, introduced

by L. J. Aĺıas, A. Romero and M. Sánchez in 1995 [1]. GRW spacetimes are the

first wide generalization of the classical RW spacetime obtained by relaxing the

spatial homogeneity, that is reasonable as a first approximation of the large

scale structure of the universe, but it is not appropriate when we consider

a more accurate scale. GRW spacetimes include many interesting spaces,

e.g., the Einstein-de Sitter spacetime, the Friedmann cosmological models,

the static Einstein spacetime and the de Sitter spacetime. Over the years,

several characterizations of GRW spacetimes have been obtained in terms of

vectors satisfying peculiar properties. In particular, B.-Y. Chen in 2014 [8]

established a simple characterization in terms of a timelike concircular vector

field. Recently, C. A. Mantica and L. G. Molinari in 2016 [28] introduced

a new covariant formalism to describe GRW spacetimes, with the help of a

timelike unit torse-forming vector field.

A further generalization is given by twisted spacetimes, such that the scale

14
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factor depends on both time and position. They were introduced by B.-Y.

Chen in 1979 [7] as the natural generalization of warped manifolds that avoids

the constancy of mean curvature of slices. In [10] B.-Y. Chen gave a simple

characterization in terms of a timelike torqued vector and C. A. Mantica and

L. G. Molinari in 2017 [30] extended the characterization through the exis-

tence of a timelike unit torse-forming vector from GRW spacetimes to twisted

spacetimes.

We start the discussion from the broader class of twisted spacetimes through

the torse-forming vector characterization. A first result is the equivalence be-

tween Chen’s and our characterization. The tensorial structure of the Ricci

tensor is completely determined in terms of the torse-forming vector, the met-

ric, the covariant derivative of the mean curvature and the electric components

of the Weyl tensor. Using the EFE, we will show how a twisted spacetime can

be associated to an imperfect fluid. We also describe GRW spacetimes with the

additional condition that the torse-forming vector is an eigenvector of the Ricci

tensor. The Ricci tensor is simpler than the previous case and some new prop-

erties are obtained. In particular, we discuss GRW perfect fluid spacetimes

using results of literature. Finally, we characterize RW spacetimes through

the covariant description in terms of the torse-forming vector as conformally

flat GRW spacetimes.

2.1 Twisted spacetimes

Let B and F be two pseudo-Riemannian manifolds equipped with pseudo-

Riemannian metrics gB and gF , respectively, and let f be a positive smooth

function on M, named twisting function:

Definition 2.1.1. The twisted product M = B×fF is the manifold B×F with

the pseudo-Riemannian metric g = gB+f2gF and dimension dim(B)+dim(F ).

When f depends only on B the twisted product is reduced to a warped

product. B is called the base and F the fiber of the twisted product B ×f F .

Both the leaves B × {q} (q ∈ F ) and the fibers {p} × F (p ∈ B) are pseudo-

Riemannian submanifolds of B ×f F .

An interesting case of twisted spacetime is the Lorentzian manifold Ln

written as a twisted product between a temporal one-dimensional interval I

and a spatial Riemannian submanifold (M∗, g∗). In privileged coordinates the

manifold M gains the metric structure:

ds2 = −dt2 + f(t, ~x)2g∗µν(~x)dxµdxν , (2.1.1)

15
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where f represents the scale factor and g∗µν is the metric tensor of the subman-

ifold M∗ with dimension n − 1. The scale factor depends on time, otherwise

the manifold is a product of disjoint manifolds.

Twisted spacetimes were introduced by B.-Y. Chen in 1979 [7] as the gen-

eralization of warped manifolds that avoid the constancy of mean curvature

of fibers {t} ×M∗. In [10] B.-Y. Chen gave a simple characterization:

Theorem 2.1.1. A Lorentzian manifold Ln admits a timelike torqued vector

field τ , i.e.,

τiτ
i < 0, ∇iτj = ρ gij + αiτj , αiτ

i = 0 (2.1.2)

and ρ is a function on Ln if and only if it is locally a twisted product I×fM∗,
where I is an open interval, M∗ is a Riemannian (n-1)-manifold.

Remark 2.1.1. Given a timelike torqued vector τ on a Lorentzian manifold

Ln, for each scalar function λ such that τ i∇iλ = 0, λτ is a timelike torqued

vector. In fact (λτ)2 < 0 and

∇i(λτj) = τj∇iλ+ λ(ρgij + αiτj) = ψgij + βiτj , (2.1.3)

where ψ = λρ and βi = (λαi+∇iλ). Since the condition τ i∇iλ = 0 is verified,

βiτ
i = 0 and λτ is a timelike torqued vector.

2.1.1 Distributions and foliations

Let M and TM denote respectively an n-dimensional smooth manifold and

its tangent bundle defined as TM =
⋃
p∈M

TpM . We introduce the notion of

distribution as:

Definition 2.1.2. A m-dimensional (tangent) distribution on M is a assign-

ment of a linear subspace Dp ⊂ TpM at each point p ∈ M . We will denote

this by D, where

D =

 ⋃
p∈M

Dp

 ⊂ TM.

Locally, one can say that am-distribution is generated by a set ofm linearly

independent vector fields if and only if in every point p their values span the

m-dimensional subspace Dp , i.e., Dp = Span{X1(p), . . . , Xm(p)}.

Definition 2.1.3. An immersed submanifold Σ is an integral manifold of the

distribution D if TpΣ = Dp for any p ∈ Σ.

The distribution D is integrable if each point of M is contained in an

integral manifold of D.
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There are distributions for which no integral manifolds exist. The reason

relies on the following definition:

Definition 2.1.4. The Lie bracket of the vector fields u and v is

[u, v] = uv − vu.

The espression [u, v] gives a new vector field. Let be up, vp ∈ Dp, if [up, vp] ∈
Dp holds for any p the distribution D is called involutive. It’s easy to show

that

Lemma 2.1.1. If D is an integrable distribution, then D is necessarily invo-

lutive.

Obviously, every smooth 1-dimensional distribution is integrable. The inte-

grability of a distribution is closely related to the notion of foliation, defined

as:

Definition 2.1.5. A m-dimensional L foliation of an n-dimensional manifold

M is a decomposition of M into a union of disjoint connected submanifolds

Lα, called the leaves of the foliation, with the following property: ∀p ∈M exists

a neighborhood U and a system of local coordinates x = (x1, . . . , xn) : U → Rn

such that for each leaf Lα, the components of U ∩ Lα are described by the

equations xk = const for k = m+ 1, . . . , n.

We have the following theorem by Frobenius [4]:

Theorem 2.1.2. If D is an involutive distribution on M , then the collection

of all maximal connected integral manifolds of D forms a foliation of M .

Lemma 2.1.2. If L is a m-dimensional foliation of M , then the collection of

tangent spaces to the leaves of L forms an involutive distribution.

In physics, with a m-dimensional foliation we mean that the manifold is de-

composed into hypersurfaces of dimension m and there exists a smooth scalar

field such that each hypersurface is a level surface. The case of our interest is

a n− 1 dimensional spatial foliation of the Lorentzian manifold M . Thus, let

us consider the spacelike hypersurface Σ ∈M that is a smooth immersion of a

domain of dimension n− 1 in M , with a Riemannian induced metric. At any

point p ∈ Σ, there is a timelike unit normal vector Np, gijN
i
pN

j
p = −1, called

the future pointing Gauss map of the hypersurface, with the orientation of ∂t|p
(hereafter we omit to specify p). The normal vector and the tangent space

17
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of Σ at p provide the natural decomposition ∂t = αN + Y , where α > 0 and

gijN
iY j = 0. From −1 = g(∂t, ∂t) = −α2 + gijY

iY j it follows that α ≥ 1; the

value α = −g(N, ∂t) = cosh θ defines the normal hyperbolic angle θ of the hy-

persurface at p. The tangential component Y of the decomposition introduces

the height function, h(p), of the hypersurface through the relation Y = ∇h.

It is |∇h|2 = sinh2 θ.

The hypersurface Σ is rapresented parametrically by xi = xi(~q). Let us

suppose be maximal the rank of the matrix of first derivatives Bi
µ = ∂xi/∂qµ,

i.e., n − 1. Relative to the coordinate trasformation x′j = x′j(qi), the Bi
µ

behave as components of a type (1,0) tensor, while relative to the param-

eter trasformantion q′µ = q′µ(qν) the Bi
µ behave as components of a type

(0,1). The n− 1 1-forms dq1, . . . , dqn−1 at a point p ∈ Σ determine n 1-forms

dx1, . . . , dxn, given by dxi = Bi
αdq

α, which are interpreted as the compo-

nents of a displacement in M , tangential to Σ at P. More generally, given the

components Qα of an element of the tangent space TpΣ, the associate tangent

vector in TpM has components vj = Bj
αQ

α.

The induced metric, defined by

g∗µν = gijB
i
µB

j
ν (2.1.4)

is also named first fundamental form. The quantities Bµ
i = g∗µνgijB

j
ν satisfy

Bµ
iB

j
ν = δµν , but Bµ

iB
j
µ 6= δj i. Moreover, the normal vector N is such that

gijN
iBj

µ = 0. (2.1.5)

The mixed covariant derivative ([24] Section 5.7) of a field Xi
ν is defined as

Xi
ν||µ =

∂Xi
ν

∂qµ
− Γ∗λµνX

i
λ + ΓihkX

k
νB

h
µ,

where the Γ and Γ∗ are the Christoffel symbols of the connections respectively

on M and Σ. Xi
ν||µ represents the components of a tensor field wich is of type

(1,0) relative to the coordinate trasformation and of type (0,2) relative to the

parameter trasformation. For Bi
ν

Bi
ν||µ =

∂Bi
ν

∂qµ
− Γ∗λµνB

i
λ + ΓihkB

k
νB

h
µ,

Because of the symmetry of Γ and Γ∗, Bi
ν||µ = Bi

µ||ν holds. The relation

Bi
µ||ν = −N iΩµν ,

defines the second fundamental form of the immersion with components Ωµν .

The eigenvalues λ1, . . . , λn−1 of the symmetric matrix Ωµν are the principal
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curvatures of Σ at p. The fundamental invariants of Σ, named mean curvature,

second mean curvature, etc., are defined to be the n−1 elementary symmetric

function of λ1, . . . , λn−1:

H =
1

n− 1

n−1∑
j=1

λj , H2 =
1

(n− 1)(n− 2)

n−1∑
i<j

λiλj , . . .

Hn−1 =
1

(n− 1)!
λ1 · . . . · λn−1.

In particular, for the mean curvature

H =
1

n− 1
g∗µνΩνµ,

while

Hn−1 =
(−1)n−1

(n− 1)!
det(Ωµ

ν) =
(−1)n−1

(n− 1)!

det(Ωµν)

det(g∗µν)
.

A further property for the coefficients of the second fundamental form is given

by the expression of the covariant derivative of the unit normal vector N j in

terms of them. Using

gij||β =
∂gij
∂qβ
− gkjΓki`B`

β − gkiΓkj`B`
β

=

(
∂gij
∂x`
− gkjΓki` − gkiΓkj`

)
B`

β = (∇`gij)B`
β = 0,

and the definition of Ωµν , the covariant derivative of (2.1.5) respect to qβ gives

Ωµν = −gijBi
µN

j
||ν , (2.1.6)

while the differentiation of gijN
iN j = −1 yields

gijN
iN j

||β = 0,

which implies that N j
||β is tangential to Σ. Thus, there exist coefficients Cαβ

such that N j
||β = Bj

αC
α
β. Replacing this decomposition in (2.1.6), we obtain

the expression of the coefficient Cβν as Ωµν = −g∗µβCβν , where we used eq.

(2.1.4). Then, the covariant derivative of the (timelike) unit normal vector N j

is given by

N j
||β = −Bj

αΩα
β. (2.1.7)

where we put Ωα
β = g∗αµΩµβ.

Let’s introduce the important notion of totally geodesic and umbilical fo-

liation that will be useful in view of the following results:
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Definition 2.1.6. Let Σ ∈ M be a spacelike hypersurface. A point p ∈ Σ is

called umbilical if Ω|p is proportional to the metric tensor g∗|p. The hypersur-

face is totally umbilical if every point of Σ is umbilical.

Definition 2.1.7. A submanifold (M∗, g∗) of a manifold (M, g) is called to-

tally geodesic if any geodesic on M∗ is also a geodesic on M , i.e., for any

vector field v on M∗ such that tan∇ww = 0, where w|M∗ = v is an extension

of v to M , ∇ww = 0 holds.

The notions of foliations or hypersurfaces of a Lorentzian manifold hold

for Riemannian manifolds as well, with the appropriate sign changes: at any

point p ∈ Σ, the vector Np is such that gijN
i
pN

j
p = 1 and the decomposition

of a general vector follows. Moreover, the second fundamental form of the

immersion is defined by ∇νBi
µ = N iΩµν .

2.1.2 The torse-forming characterization

We are ready to characterize twisted spacetimes through the existence of

a torse-forming timelike unit vector field u, i.e., a vector such that

∇iuj = ϕ(gij + uiuj) = ϕhij , uiu
i = −1. (2.1.8)

By comparing (2.1.8) with (1.1.1), the vector field u can be viewed as a shear-

free, vorticity-free and acceleration-free velocity field. This characterization is

shown by C. A. Mantica and L. G. Molinari in [30] and relies on the following

theorem by R. Ponge and H. Reckziegel in [33].

Theorem 2.1.3. Let (M, g) be a pseudo-Riemannian space with M = B × F
and assume that the canonical foliations LB and LF intersect perpendicularly

everywhere. Then g is the metric tensor of a twisted product B ×f F if and

only if LB is a totally geodesic foliation and LF is a totally umbilic foliation.

Theorem 2.1.4. A Lorentzian manifold Ln is twisted if and only if it admits

a torse-forming timelike unit vector field.

Proof. Let Ln be a Lorentzian twisted manifold, then there is a frame where

the metric has the form (2.1.1). The timelike unit vector field with components

u0 = −1, uµ = 0 identically solves the equation ∇iuj = ϕ(gij + uiuj), which

gives the non-trivial equation −Γ0
µνu0 = ϕf2g∗µν , so ϕ = ḟ/f .

Conversely, suppose that a Lorentzian manifold is endowed with a torse-

forming timelike unit vector field u = ∂0, with components ui = δi0: ∇iuj =
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ϕhij , giju
iuj = −1. It is

∇uu = ∇∂0∂0 =uk(∇kuj)∂0 = 0

=Γk00∂k,

then

tan∇uu = 0,

i.e., u is geodesic on M and its restriction on the one-dimensional subman-

ifold. If we put D = Span{∂0}, D is a totally geodesic foliation, i.e., D is

an integrable distribution whose leaves are totally geodesic in Ln. Moreover,

∇iuj = ∇jui (u is closed), then, being ui = ∇iθ, it is the unit normal vector

field for the surfaces θ = const.

Any vector vp ∈ TpLn is decomposable into a normal and a tangent com-

ponent to the hypersurface: vi = −(ukvk)u
i+ ṽi, where the components ṽi are

given by ṽi = Bi
µv

µ, where B0
µ = 0 and Bν

µ = δνµ are the components of

the immersion matrix (abuse of notation, but we use the natural parametriza-

tion x0 = t and xν = δνµx
µ). Since v0 = 0 and vν = Bν

µv
µ, we can write

ṽi = hijv
j . The induced metric is given by (2.1.4) and for the second fun-

damental of the hypersurface eq. (2.1.7) holds, where the normal vector N

corresponds to u (except for the sign). The expression of uj ||β is evaluated as

uj ||β = uj ,β + ΓjhkB
h
βu

k = uj ,β + Γj
k
βk = ∇βuj = ϕhβ

j ,

then

ϕhβ
j = Bj

αΩα
β.

For j = ν, hβ
ν = δβ

ν and Bν
αΩα

β = Ων
β, then

Ωµν = ϕg∗µν . (2.1.9)

The previous equation implies that D⊥ = Span{∂1, . . . , ∂n−1} is an integrable

distribution whose leaves are totally umbilical hypersurfaces of Ln.

Since the manifold decomposes into a totally geodesic foliation orthogonal

to a totally umbilical foliation, according to the theorem 2.1.3, the metric has

the twisted form.

Equation (2.1.9) implies that the function ϕ is equal to the mean scalar

curvature, H = ḟ/f , where the dot represents the total derivative respect to

the proper time: ḟ = df
dτ = dxi

dτ ∇if = ui∇if . The covariant expression for the

scalar function is ϕ = ui∇i log f .
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The property that the space Ln admits a timelike unit torse-forming vector

u is strongly related to the existence of the torqued vector τ by the following

theorem:

Theorem 2.1.5. A Lorentzian manifold Ln admits a timelike torqued vector

τi if and only if ui = τi/
√
−τ2 is a torse-forming timelike unit vector field.

Proof. Let τ be a timelike torqued-vector on Ln: τiτ
i < 0, ∇iτj = ρ gij +αiτj ,

αiτ
i = 0. The derivative of ui = τi/

√
−τ2 gives

∇iuj =
1√
−τ2

(ρ gij + αiτj) +
τjτ

`

(−τ2)3/2
(ρ gil + αiτ`) = ϕ(gij + uiuj),

where ϕ = ρ/
√
−τ2, and u2 = −1.

Conversely, given a vector ui such that u2 = −1 and ∇juk = ϕ(gjk+ujuk),

we can define Xi = e−σui, where σ is a scalar function. This allows to evaluate

∇iτj = ∇i(e−σuj) = e−σ[−uj∇iσ + ϕ(gij + uiuj)]

= ρgij + (uiϕ−∇iσ)τj = ρgij + αiτj ,

with ρ = e−σϕ and αi = (uiϕ − ∇iσ). The vector τi satisfies τ2 < 0 and

the condition αiτ
i = 0 provides ϕ = −σ̇. In the frame (2.1.1) the solution is

σ = −
∫
dtϕ+ c, where c is such that ċ = 0.

Remark 2.1.2. The spatial function c can be chosen arbitrarily: by (2.1.3)

given a timelike torqued vector τi, the vector ecτi with ċ = 0 is torqued too.

Let us introduce the orthogonal decomposition ∇iϕ = vi−uiuk∇kϕ, where

vi = hi
k∇kϕ. In the frame (2.1.1) v is a spacelike vector: v0 = 0 and vµ = ∂µϕ.

The expression of the Ricci tensor in terms of ui and vi is given by:

Proposition 2.1.1. The Ricci tensor on a twisted Lorentzian spacetime has

the form:

Rk` =
R− nξ
n− 1

uku` +
R− ξ
n− 1

gk` + (n− 2)(ukv` + u`vk − urusCrk`s), (2.1.10)

where R is the scalar curvature, Cjk`m is the Weyl tensor, vk = hk
m∇mϕ and

ξ = (n− 1)(ϕ2 + ϕ̇).

Proof. The Weyl tensor contracted with um leads to:

Cjk`
mum = Rjk`

mum +
1

n− 2
(ujRk` − ukRj` + gk`Rjmu

m − gj`Rkmum)

−R
ujgk` − gj`uk
(n− 1)(n− 2)

.

(2.1.11)
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The evaluation of ∇j(∇ku`) = ∇j(ϕhk`) and the subtraction of the expression

with jk exchanged give the expression of Rjk`
mum, that contracted with gk`

provides Rj
mum:

Rjk`
mum = hk`∇jϕ− hj`∇kϕ+ ϕ2(ukgj` − ujgk`). (2.1.12)

Rj
mum = −(n− 2)vj + ξuj .

Another contraction with uj of (2.1.11), using the two previous expressions

found for Rjk`
mum and Rj

mum, verifies (2.1.10).

The multiplication of (2.1.11) and (2.1.12) by ui and the summation on

cyclic permutation of indices ijk, after some algebra, show that the symmetric

tensor uium is Weyl-compatible [27][25], i.e.,

uiu
mCjk`m + uju

mCki`m + uku
mCij`m = 0. (2.1.13)

As shown in [20], the property (2.1.13) classifies the Weyl tensor as purely

electric with respect to uj . The contraction with ui gives

umCjk`m = ukCj` − ujCk`, (2.1.14)

where Ck` = uiumCik`m. It follows that Ck` = 0 if and only if umCik`m = 0.

In [32] C. A. Mantica and L. G. Molinari obtain important results concerning

the Weyl tensor, in particular:

Proposition 2.1.2. On a twisted spacetime, if ∇mCjk`m = 0 then

∇mCmk = 0 and up∇pCkm = 0. (2.1.15)

Thanks to (2.1.15), the main theorem is easily demonstrated:

Theorem 2.1.6. On a twisted spacetime of dimension n > 3:

i. umCjk`m = 0 =⇒ ∇mCjk`m = 0,

ii. ∇mCjk`m = 0 =⇒ up∇p(umCjk`m) = −ϕ(n− 1)umCjk`m.

Thus, on a twisted spacetime the divergence free of Weyl tensor is weaker than

the property umCjk`m = 0.
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Using the expression (2.1.10) for the Ricci tensor and the EFE we obtain

an imperfect fluid stress-energy tensor (1.2.3) with

µ = − ξ
κ

+
R

2κ
, (2.1.16)

p = − 1

n− 1

ξ

κ
− n− 3

2(n− 1)

R

κ
, (2.1.17)

qj =
n− 2

κ
vj , (2.1.18)

πij = −n− 2

κ
Cij . (2.1.19)

The weak, dominant and strong energy conditions respect to ui imply respec-

tively

R/2− ξ ≥ 0, 4v2 − (R/2− ξ)2 ≤ 0 and ξ ≤ 0.

The vector ui is a velocity field perpendicular to the energy flux qi, the

anisotropic stress tensor πij is given by the Weyl tensor (that satisfies the

properties πiju
j = 0, πjj = 0), p and µ are respectively the effective pressure

and the energy density. Spacetimes admitting a torse-forming timelike vector

field ui are largely studied in literature, in particular by A. A. Coley and D.

J. McManus in [13], [12].

2.2 Generalized Robertson-Walker spacetimes

A subclass of twisted spacetimes are warped spacetimes, defined by R. L.

Bishop and B. O’Neill in 1964 [2], but introduced before by Kruchkovich in

1957 [22] as semi-reducible spaces.

Let B and F be two pseudo-Riemannian manifolds equipped with pseudo-

Riemannian metrics gB and gF , respectively, and let f be a positive smooth

function on B, named warping function:

Definition 2.2.1. The warped product M = B ×f F is the manifold B × F
equipped with the pseudo-Riemannian metric g = gB + f2gF .

If B is a temporal interval I and (F, gF ) a Riemannian manifold (M∗, g∗),

the warped productB×fF defines the interesting class of generalized Robertson-

Walker (GRW) spacetimes, obtained from the twisted product with metric

structure given by (2.1.1) and the function f depends only on the time,

f(t, ~x) = f(t). Then, the GRW metric has the local shape

ds2 = −dt2 + f(t)2g∗µν(~x)dxµdxν . (2.2.1)
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If g∗µν has dimension 3 and M∗ has constant curvature, the manifold M cor-

responds to the ordinary Robertson-Walker spacetime.

Remark 2.2.1. The mean curvature H = ϕ = ḟ/f corresponds to the Hubble

parameter in standard cosmology.

GRW spacetimes were characterized in 2014 by B.-Y Chen through the

existence of a vector that satisfies concircularity property [8]:

Theorem 2.2.1. A Lorentzian manifold Ln of dimension n > 3 is a GRW

spacetime if and only if it admits a timelike concircular vector field X, named

Chen’s vector, i.e.,

XiXi < 0, ∇iXj = ρgij , (2.2.2)

where ρ is a function on Ln.

Remark 2.2.2. In view of expression (2.1.2), a concircular vector corresponds

to the special torqued vector with αi = 0. Moreover, given a vector X that

satisfies (2.2.2), if the scalar λ is a constant, λX is a timelike concircular

vector field:

(λX)2 < 0, ∇i(λXj) = (λρ)gij . (2.2.3)

As shown in [9], up to constants, there exists at most one concircular vector

field associated with a warped product I ×f M∗.

In [28] C. A. Mantica and L. G. Molinari obtained important results for

the Ricci tensor of a GRW spacetime using the Chen’s vector Xi. Given the

Chen’s vector Xi, the vector ui = Xi/
√
−X2 is clearly torse-forming, but the

opposite way it’s not necessarily true. The torse-forming property is weaker

than concircularity, but we can give a characterization of GRW spacetimes

through the existence of ui with an additional condition:

Theorem 2.2.2. A Lorentzian manifold Ln of dimension n > 3 admits a

timelike concircular vector Xi if and only if ui = Xi/
√
−X2 is a torse-forming

timelike unit vector, i.e., ∇iuj = ϕ(gij+uiuj), and ϕ is such that ∇iϕ = −ϕ̇ui.

Proof. If Ln admits a timelike concircular vector Xi, then ui = Xi/
√
−X2 is

such that u2 = −1 and ∇iuj = ϕ(gij + uiuj), where ϕ = ρ/
√
−X2, and u2 =

−1. The integrability condition of ∇kXj = ρgjk gives RjmX
m = −(n−1)∇jρ,

then (n − 1)∇jρ = −ξXj . Replacing X and ρ in terms of u and ϕ we get

∇iϕ = −ϕ̇ui.
Conversely, given a vector ui such that u2 = −1 and ∇juk = ϕ(gjk +

ujuk), we can define Xi = e−σui, where σ is a scalar function. This allows
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to evaluate ∇iXj as in theorem 2.1.5, but for Xi being a concircular vector

αi = (uiϕ −∇iσ) has to vanish, then ϕui = ∇iσ. From ∇iϕ = −ϕ̇ui follows

that ∇i(ϕuj)−∇j(ϕui) = 0 and ϕui is locally a gradient.

The following results hold for the Ricci tensor:

Proposition 2.2.1. On a GRW spacetime the torse-forming vector ui is an

eigenvector of the Ricci tensor:

Rjmu
m = ξuj (2.2.4)

and the eigenvalue satifies

ξ = (n− 1)(ϕ̇+ ϕ2), ∇iξ = −ξ̇ui. (2.2.5)

Proof. The integrability condition of ∇kuj = ϕ(gjk + ujuk) is

Rjk`
mum = [∇j ,∇k]u` = ∇j(ϕhk`)−∇k(ϕhj`)

= uku`∇jϕ− uju`∇kϕ+ ϕ2(ukgj` − ujgk`) + gk`∇jϕ− gj`∇kϕ

= ϕ2(ukgj` − ujgk`)− gk`ujϕ̇+ gj`ukϕ̇,

where we have used the property ∇iϕ = −ϕ̇ui. The contraction with gk`

shows that ui is an eigenvector of the Ricci tensor with eigenvalue ξ given by

(2.2.5). Moreover

Rjk`
mum = − ξ

n− 1
(ujgk` − ukgj`), (2.2.6)

whose covariant derivative is

um∇sRjk`m + ϕRjk`mh
m
s = − ∇sξ

n− 1
(ujgk` − ukgj`)−

ϕξ

n− 1
(hjsgk` − hksgj`)

The sum on cyclic permutations of indices sjk and the Bianchi identities give

0 = gk`(uj∇sξ − us∇jξ) + gj`(us∇kξ − uk∇sξ) + gs`(uk∇jξ − uj∇kξ).

The contraction with gs` finally provides uj∇kξ − uk∇jξ = 0, with solution

(2.2.5).

Theorem 2.2.3. On a GRW spacetime the Ricci tensor can be expressed in

terms of the Weyl tensor, the curvature scalar R, the eigenvalue ξ and the

torse-forming vector ui as

Rk` =
R− nξ
n− 1

uku` +
R− ξ
n− 1

gk` − (n− 2)Cjk`mu
jum. (2.2.7)
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Proof. The expression of the Ricci tensor is given by the contraction of Weyl

tensor with umuj and using the eigenvalue equations and (2.2.6), i.e.,

Cjk`mu
muj =

[
ξ −R

(n− 1)(n− 2)
(ujgk` − ukgj`) +

1

n− 2
(ujRk` − ukRj`)

]
uj

= − 1

n− 2

[
ξ −R
n− 1

hk` + ξuku` +Rk`

]
.

Remark 2.2.3. From the integrability condition of ∇kuj,

Rjmu
m = −∇jϕ− ujϕ̇− ϕ2(n− 1)uj + n∇jϕ−∇jϕ,

the condition ∇iϕ = −ϕ̇ui is equivalent to requiring that ui is an eigenvector of

the Ricci tensor. In the comoving frame, the property ∇iϕ = −ϕ̇ui corresponds

to ϕ(~x, t) = ϕ(t), i.e., f(~x, t) = f(t) or alternately, for geometers, the spatial

submanifold M∗ is a spherical foliation.

The multiplication of (2.2.6) by u` and the summation on cyclic permuta-

tions of ijl show that uium, is Riemann-compatible [26]:

uiu
mRj`km + uju

mR`ikm + u`u
mRijkm = 0,

that implies Weyl compatibility:

uiu
mCj`km + uju

mC`ikm + u`u
mCijkm = 0. (2.2.8)

2.2.1 Perfect fluid GRW spacetimes

In this subsection we discuss necessary and sufficient conditions for GRW

spacetimes to be perfect fluid spacetimes, more often named quasi-Einstein

manifolds [7], and for a perfect fluid to be a GRW spacetime. Let’s start on

defining a perfect fluid spacetime as:

Definition 2.2.2. A Lorentzian manifold Ln is named perfect fluid spacetime

if the Ricci tensor has the form

Rij = αgij + βvivj , (2.2.9)

where α and β are scalar fields and v2 = −1.

As vi is an eigenvector of the Ricci tensor, the latter can be parameterized

in terms of the scalar curvature R and the eigenvalue η as

Rk` =
R− nη
n− 1

vkv` +
R− η
n− 1

gk`. (2.2.10)
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Remark 2.2.4. Suppose that the GRW spacetime is also perfect fluid. Thus

there exists a vector vi such that the Ricci tensor has the form (2.2.10) and a

torse-forming timelike unit vector ui such that Riju
j = ξui. Then(

ξ − R− η
n− 1

)
uk =

R− nη
n− 1

(u`v`)vk

Since both uk and vk are timelike vectors, it cannot be ukvk = 0. Unless

R = nη, it must be vk = ±uk and ξ = η. Instead, if R = nη the spacetime is

Einstein, i.e., Rij = ηgij, and ui is not necessarily equal to vi.

M. Sánchez in [34] and A. Gȩbarowski in [19], [18] respectively proved the

following theorems:

Theorem 2.2.4. A GRW spacetime M is perfect fluid if and only if the sub-

manifold M∗ is an Einstein manifold, i.e., R∗µν =
R∗

n− 1
g∗µν .

Theorem 2.2.5. On a GRW spacetime M the submanifold M∗ is Einstein if

and only if ∇mCjk`m = 0.

Theorem 2.2.4 can be nimbly demonstrated as follows:

On a GRW spacetime the spatial components of the Ricci tensor are listed in

appendix B.2, but are also given by (2.2.7):

Rµν =
R− ξ
n− 1

g∗µνf
2 − (n− 2)C0µν0.

Using the expression of ξ in terms of f and the expression of scalar curvature

listed in appendix B, the comparison of the two equations for Rµν gives

R∗µν =
R− ξ
n− 1

g∗µνf
2 − g∗µν [(n− 2)ḟ2 + f̈f ]− (n− 2)C0µν0

=
R∗

n− 1
g∗µν − (n− 2)C0µν0,

(2.2.11)

that shows the condition R∗µν = R∗

n−1g
∗
µν is equivalent to require that M is a

perfect fluid spacetime.

The two theorems together imply that a GRW spacetime is perfect fluid if

and only if ∇mCjk`m = 0. It’s easily to check also:

Proposition 2.2.2. On a GRW spacetime with torse-forming timelike unit

vector ui, Cjk`mu
m = 0 if and only if Rjk = αgjk +βujuk, for suitable scalars

α and β.
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Proof. If Cjk`mu
m = 0, eq. (2.2.7) gives to Rjk the perfect fluid form.

Conversely, the Weyl tensor contracted with um is

Cjk`mu
m =

ξ −R
(n− 1)(n− 2)

(ujgk` − ukgj`) +
1

n− 2
(ujRk` − ukRj`).

If Rjk = αgjk + βujuk, the trace and the eigenvalue equations respectively

give R = nα− β and ξ = α− β, then Cjk`mu
m = 0.

Therefore, by the previous propositions there exists an algebraic equiva-

lence between the condition of harmonic Weyl tensor and Cjk`mu
m = 0. Such

equivalence was found by C. A Mantica and L. G. Molinari in [28]:

Theorem 2.2.6. On a GRW spacetime with torse-forming timelike unit vector

ui, Cjk`mu
m = 0 if and only if ∇mCjk`m = 0.

Thanks to this important theorem, we can prove theorem 2.2.5 in a straight-

forward way. Since ∇mCjk`m = 0 corresponds to Cjk`mu
m = 0, Cjk`0 = 0 and

equation (2.2.11) shows that the submanifold M∗ is Einstein. Conversely, if

R∗µν = R∗

n−1g
∗
µν , we have Cjµνmu

jum = Cµν = 0 that, with the use of (2.1.14),

corresponds to Cjµνmu
m = 0. Then Cjk`mu

m = 0 and ∇mCjk`m = 0.

We can summarize all the equivalent conditions:

Theorem 2.2.7. A GRW spacetime M is perfect fluid if and only if one of

the following statements is satisfied:

i. R∗µν =
R∗

n− 1
g∗µν ,

ii. ∇mCjk`m = 0,

iii. umCjk`m = 0.

Conversely, C. A. Mantica, L. G. Molinari et al. in [31] found sufficient

conditions for a perfect fluid spacetime to be a GRW spacetime:

Theorem 2.2.8. A perfect fluid spacetime with Ricci tensor

Rk` =
R− nξ
n− 1

uku` +
R− ξ
n− 1

gk`

is GRW if the vector field ui is geodesic and such that uj∇mCjk`m = 0.
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Einstein’s equation in perfect fluid GRW spacetimes

Let us consider a GRW spacetime such that the Ricci tensor has the perfect

fluid form. Friedmann equations can be recovered in a straightforward way,

using the characterization of the space through the torse-forming vector. The

covariant divergence of the eigenvalue equations (2.2.4) gives the important

scalar relation
1

2
Ṙ = nϕξ − ϕR+ ξ̇,

where we used the torse-forming property, the relation ∇kRkj = 1
2∇jR and

eq. (2.2.5). The solution is

R =
R∗

f2
+ 2ξ + (n− 1)(n− 2)ϕ2,

where R∗ is the scalar curvature of the spacelike submanifold.

The perfect fluid form of the Ricci tensor (2.2.9) makes these spaces solu-

tions of the EFE for perfect fluids: Gk` = κTk` where Tk` has the form (1.2.2).

The trace and the eigenvalue equations respectively give (n− 2)R = −2κp(n− 1) + 2κµ

2ξ −R = −2κµ

and the substitution of the expression of R and of ξ in terms of the scalar

function f and its derivatives provides
κ

(
p+ µ

n− 3

n− 1

)
= −(n− 2)

f̈

f

κµ =
R∗

2f2
+

1

2
(n− 1)(n− 2)

ḟ2

f2

If n = 4, R∗ = const and defining f(t) = a(t), the scale factor of the universe,

the previous equations correspond to the usual Friedmann equations, i.e.,
3ä

a
= −κ

2
(3p+ µ),

3ȧ2

a2
= κµ− R∗

2a2
.

2.2.2 Conformal trasformations

Given a GRW spacetime (M, g), if σ is a smooth function we can replace the

metric tensor with a locally rescaled one through a conformal transformation

ḡij(x) = e2σ(x)gij(x).
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A timelike, null or spacelike vector vi with respect to the metric gij has the

same property with respect to ḡij . Conversely, if the light cones of two Lorentz

metrics gij and ḡij coincide at a point p ∈ M , then ḡij must be a multiple of

gij at p.

Under conformal transformation the Weyl tensor is invariant, i.e., C̄jk`
m =

Cjk`
m, while C̄jk`m = e2σCjk`m. The Christoffel symbols, the Ricci tensor and

the divergence of the Weyl tensor transform as [35]

Γ̄kij = Γkij + 2δk [j∇i]σ − gij∇kσ,

R̄ij = Rij − (n− 2)[∇i∇jσ − (∇iσ)(∇jσ) + gij(∇kσ)(∇kσ)]− gij∇2σ,

∇̄mC̄jk` m = ∇`Cjk`m + (n− 3)Cjk`
m∇mσ. (2.2.12)

In [5], S. Capozziello et al. show that any conformal transformation

ḡij = e2σgij ∇iσ = −uiσ̇, (2.2.13)

maps a GRW spacetime (M, g) to a GRW spacetime (M, ḡ). In particular,

ūi = e−σui is a torse-forming vector in (M, ḡ) with

∇̄iūj = e−σ(ϕ+ σ̇)(ḡij + ūiūj)

and the Ricci tensor R̄ij reduces to

R̄ij = Rij − (n− 2)[ϕσ̇ − σ̇2 − σ̈]uiuj + [(2n− 3)ϕσ̇ + (n− 2)σ̇2 + σ̈]gij .

Since ui is an eigenvector of Rij , the rescaled vector ūi is an eigenvector of R̄ij

with eigenvalue ξ̄ and scalar curvature R̄ given by

ξ̄ = e−2σ[ξ + (n− 1)(ϕσ̇ + σ̈)],

R̄ = e−2σ[R+ 2(n− 1)2ϕσ̇ + (n− 1)(n− 2)σ̇2 + 2(n− 1)σ̈].

On a GRW spacetime with harmonic Weyl tensor, the conformal transfor-

mation (2.2.13) guarantees ∇̄mC̄jk` m = 0. In fact, from theorem 2.2.6,

umCjk`
m = 0 holds and eq. (2.2.12) gives the result. Then, under the con-

formal map (2.2.13) a perfect fluid spacetime GRW (M, g) provides another

perfect fluid spacetime GRW (M, ḡ), with Ricci tensor given by

R̄ij =
R̄− nξ̄
n− 1

ūiūj +
R̄− ξ̄
n− 1

ḡij .
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2.2.3 A recent result for f(R) gravity in GRW

General Relativity can be formulated in a very useful way through the

Lagrangian formalism. The Einstein-Hilbert action is defined as

SEH =
1

2κ

∫
dnx
√
−gR,

where g = det(gij). The full action of the theory is given by SEH and a matter

term

S = SEH + Sm, where Sm =

∫
dnx
√
−gLm.

The principle of least action provides δS = 0, i.e. the variation of S with

respect to the inverse metric is zero, yielding the usual EFE with stress-energy

tensor given by

Tij = − 2√
−g

δ(
√
−gLm)

δgij
.

When the cosmological constant Λ is included in the total action as

S =

∫
dnx
√
−g
[

1

2κ
(R− 2Λ) + Lm

]
,

the field equations take the well-known form

Rij −
1

2
gijR+ Λgij = κTij

These are the EFE used in the current standard model of cosmology known

as the ΛCDM model. The cosmological constant has the same effect as an

intrinsic energy density of the vacuum and represents the simplest possible

explanation for dark energy, that satisfies the equation of state µΛ = −pΛ.

A generalization of Einstein’s theory are the so called f(R) theories of

gravitation. They were introduced by H. S. Buchdahl in 1970 and gained

popularity with the works by A. Starobinsky on cosmic inflation. The task of

these theories would be to explain the problem of dark side (dark energy +

dark matter) in a purely geometric way. Instead of searching for new material

ingredients in the universe, the dark side problem could be formally solved by

replacing the scalar curvature in the Einstein-Hilbert action with a smooth

function of it, so that the total action becomes

S =
1

2κ

∫
dnx
√
−gf(R) + Sm

Thanks to the principle of least action the field equations are

f ′(R)Rij −
1

2
f(R)gij + [gij∇2 −∇i∇j ]f ′(R) = κTij (2.2.14)

32



CHAPTER 2. THE HIERARCHY OF TWISTED SPACETIMES

where a prime denotes derivative with respect to R. It is easy to check that

the property ∇iT ij = 0 is preserved for any differentiable f(R). If Rij has the

perfect fluid form, the presence of the terms∇i∇jR and (∇iR)(∇jR), prevents

Tij to describe a perfect fluid, but if in addition there exists a timelike torse-

forming vector field ui such that Riju
i = ξuj (i.e., if the spacetime is a GRW

spacetime) and if ∇iR = −uiṘ, the lhs of (2.2.14) has the perfect fluid form,

so that the field equations for f(R) gravity give a perfect fluid stress-tensor.

In [28] L. G. Molinari and C. A. Mantica show that ∇iR = −uiṘ holds on a

GRW spacetime with harmonic Weyl tensor. Then, S. Capozziello et al. in

[5] show that:

Theorem 2.2.9. On a GRW spacetime with ∇mCjk`m = 0, the stress-energy

tensor is a perfect fluid in any f(R) theory of gravity.

Another important result is proved considering quadratic gravity, that cor-

responds to Einstein-Hilbert action corrected with quadratic combinations of

curvature invariants

S =

∫
dnx
√
−g
[
R− 2Λ

κ
+ αR2 + βRijR

ij + γ(Rjk`mR
jk`m − 4RijR

ij +R2)

]
+ Sm,

where the term G = Rijk`R
ijk`−4RijR

ij +R2 is the Gauss-Bonnet topological

invariant. On a GRW spacetime such that the Weyl tensor is zero (i.e., on

a Robertson-Walker spacetime) the stress-energy tensor has a perfect fluid in

any quadratic theory of gravity, i.e., the quadratic gravity contributions have

the perfect fluid form. Very recently the same authors in [6] show that, with

the same hypothesis, a general smooth function f(R,G) gives again a perfect

fluid stress-energy tensor.

2.3 Robertson-Walker spacetimes

Robertson-Walker (RW) spacetimes are an important subclass of GRW

spacetimes that share the property of being conformally flat, i.e., Cjk`m = 0.

The Ricci tensor assumes the perfect fluid form

Rk` =
R− nξ
n− 1

uku` +
R− ξ
n− 1

gk`

and the stress-energy tensor is determined by the EFE,

Tk` = (p+ µ)uku` + pgk`,
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with p and µ respectively given by (2.1.17) and (2.1.16).

RW spacetimes are usually characterized by the properties of the spatial

submanifold M∗. By the homogeneity and isotropy hypothesis, the Riemann

tensor on M∗ must be (see [35])

R∗µνρσ = k(g∗νσg
∗
µρ − g∗µσg∗νρ), (2.3.1)

where k is a constant: k =
R∗

(n− 1)(n− 2)
. A space that satisfies (2.3.1) is

named space of constant curvature. In [14] is shown that any two spaces of

constant curvature of the same dimension and metric signature which have

equal values of k must be (locally) isometric.

Remark 2.3.1. The constant curvature property implies an Einstein mani-

fold, but the opposite way is not necessarily true.

In n = 4, the RW spacetime metric can be written as:

ds2 = −dt2 + f(t)2

[
dψ2

1− kψ2
+ ψ2(dθ2 + sin2 θdφ2)

]
,

where ψ, θ, φ are the space coordinates. Through an appropriate rescaling

of the coordinate ψ and the scale function f(t), the constant k takes three

possible values ±1, 0. For k = 1, after the substitution ψ = sin r, the induced

metric on M∗ in spherical coordinates represents the surface of a 3-sphere, i.e.,

dr2 + sin2 r(dθ2 + sin2 θdφ2).

The value k = 0 gives the ordinary 3-dimensional flat space. In spherical

coordinates, the metric is

dψ2 + ψ2(dθ2 + sin2 θdφ2).

Finally, for k = −1 the submanifold M∗ is a 3-dimensional hyperboloids. In

hyperbolic coordinates, with ψ = sinh r, the metric takes the form

dr2 + sinh2 r(dθ2 + sin2 θdφ2).

In [3], Brozos-Vázquez et al. studied conformally flat spacetimes and

proved that the two characterization are equivalent. We report the proof

in terms of the torse-forming vector:

Theorem 2.3.1. A GRW spacetime M is conformally flat if and only if the

submanifold M∗ in the warped product M = I ×f M∗ is a space of constant

curvature.
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Proof. With Cjk`m = 0 the Ricci tensor has the perfect fluid form and, in view

of proposition 2.2.2, the Riemann tensor is largely determined:

Rjk`m =
2ξ −R

(n− 1)(n− 2)
(gk`gjm − gkmgj`)

+
R− nξ

(n− 1)(n− 2)
[gkmuju` − gjmuku` + gj`ukum − gk`ujum]

(2.3.2)

The spatial components of the Riemann tensor are

Rµνρσ =
2ξ −R

(n− 1)(n− 2)
f2(g∗νρg

∗
µσ − g∗νσg∗µρ)

= −
[

R∗

(n− 1)(n− 2)
+ ḟ2

]
(g∗νρg

∗
µσ − g∗νσg∗µρ)

From appendix B.2, Rµνρσ = R∗µνρσ − ḟ2(g∗νρg
∗
µσ − g∗νσg∗µρ). Comparing the

two expressions for Rµνρσ, the tensor R∗µνρσ satisfies (2.3.1).

Conversely, the general expression of the Riemann tensor is given by

Rjk`m =Cjk`m +
2ξ −R

(n− 1)(n− 2)
(gk`gjm − gkmgj`)

+
R− nξ

(n− 1)(n− 2)
[gkmuju` − gjmuku` + gj`ukum − gk`ujum] ,

then

R∗µνρσ =
R∗

(n− 1)(n− 2)
(g∗νσg

∗
µρ − g∗νρg∗µσ) + Cµνρσ.

If the submanifold M∗ is a space of constant curvature it must hold Cµνρσ = 0.

Since M∗ is also an Einstein manifold, from (2.2.11) we obtain C0µν0 = 0 and

(2.1.14) gives Cσµν0 = 0. Finally we have Cjk`m = 0.

The expression (2.3.2) corresponds exactly to the general form of the Rie-

mann tensor in a RW spacetime and characterizes quasi-constant curvature

manifolds, introduced by B.-Y. Chen and K. Yano in 1972, [11], such that the

submanifold M∗ is a space of constant curvature.

In n = 4, the Weyl tensor of pseudo-Riemannian manifolds presents the

special algebraic identity reported by D. Lovelock and H. Rund in [24]

0 = ginCjk`m + gjnCki`m + gknCij`m

+ gimCjkn` + gjmCkin` + gkmCijn`

+ gi`Cjkmn + gj`Ckimn + gk`Cijmn.

(2.3.3)

If Cjk`mu
m = 0, where u is a generic vector such that u2 6= 0, the contraction

with ui gives the important identity

unCjk`m + umCjkn` + u`Cjkmn = 0
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and another contraction with un results in Cjk`m = 0. As a consequence we

have:

Proposition 2.3.1. In n = 4, a GRW manifold with ∇mCjk`m = 0 is a

Robertson-Walker spacetime.

Proof. In a GRW the condition ∇mCjk`m = 0 is equivalent to Cjk`mu
m = 0,

with ui the torse-forming vector. Then, in n = 4, it is Cjk`m = 0.
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Chapter 3

Unicity of the torse-forming

vector

In the previous chapter we reported the characterization of the large class

of twisted spacetimes as in [30]. In particular, we discussed how the existence

of a torse-forming vector field gives a peculiar metric structure. Then, it’s

natural to think about the existence of a second torse-forming vector and

its implication, excluding the trivial twin antiparallel vector. The possible

existence of a second torse-forming vector would rise strong restrictions on the

spatial submanifold M∗.

First of all we report a preliminary analysis in the most general case of

twisted spacetimes that admit two torse-forming vector fields. Such request

implies a doubly twisted metric for the spatial submanifold. Moreover, since

the Ricci tensor can be expressed in two different forms through the two torse-

forming vectors, we find an interesting property that the Weyl tensor must

satisfy. The 4-dimensional case is very particular since the existence of a

second torse-forming vector provides the complete tensorial structure of the

Weyl and, thus, Riemann tensors. In this way, using the EFE, also the stress-

energy tensorial structure is completely determined and corresponds to a two

perfect fluid mixture discussed in the first chapter. Before the discussion of

unicity in GRW case, we examine how, in [13], A. A. Coley and D. J. McManus

reach the same result in a 4-dimensional twisted spacetime with the aid of the

EFE.

Finally, we handle GRW spacetimes specializing the results already ob-

tained for twisted spacetimes. The unicity is guaranteed by the property

∇iϕ = −ϕ̇ui only if the eigenvalue of the Ricci tensor associated to ui is not

constant. Otherwise, we can prove the possible existence of a second non-
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trivial torse-forming vector and how the spatial submanifold takes the form of

a warped manifold.

3.1 Duality in twisted spacetimes

Let us consider a twisted spacetime endowed with a torse-forming timelike

unit vector field ui, i.e.,

∇iuj = ϕhij ,

∇iϕ = −uiϕ̇+ vbi,

where bkuk = 0 (bk is spacelike), bkbk = 1 and v = bi∇iϕ 6= 0. Besides

uk with scalar field ϕ, let us suppose the existence of a second timelike unit

torse-forming vector field wi, not collinear with ui, with scalar field λ such

that

∇iwj = λh̃ij , (3.1.1)

where h̃ij = gij + wiwj .

Remark 3.1.1. The vector wk is such that ukwk 6= 0, otherwise wk would be

spacelike. Furthermore, we are assuming that ukwk 6= ±1, otherwise the two

vectors would be collinear, i.e., wi = ±ui with λ = ±ϕ.

We prove the following main theorem about the possible existence of two

distinct torse-forming vectors:

Theorem 3.1.1. In a twisted spacetime, for another non-collinear timelike

unit torse-forming vector field to exist, it is necessary that

∇ibj = ϕbiuj + (hij − bibj)
∇kbk

n− 2
, (3.1.2)

2|Rijuibj | ≤ |Rij(uiuj + bibj)|, (3.1.3)

If it exists, it is wi = ui coshα+ bi sinhα, with

tanhα = − 2Riju
ibj

Rij(uiuj + bibj)

and ∇iwj = λh̃ij, where λ = ϕ coshα+ ∇kbk
n−2 and h̃ij = (gij + wiwj).
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The following identities with the Riemann tensor, [∇i,∇j ]uk = Rijkmu
m and

[∇i,∇j ]wk = Rijkmw
m, are evaluated with the torse-forming conditions for u

and w:

Rijkmu
m = hjk∇iϕ− hik∇jϕ+ ϕ2(ujgik − uigjk),

Rijkmw
m = h̃jk∇iλ− h̃ik∇jλ+ λ2(wjgik − wigjk).

The trace of both equations on i and k gives identities with the Ricci tensor

Rjmu
m = hjk∇kϕ+ (n− 1)(ϕ2uj −∇jϕ), (3.1.4)

Rjmw
m = h̃jk∇kλ+ (n− 1)(λ2wj −∇jλ), (3.1.5)

while the contractions with wi or with ui respectively are

Rijkmw
ium = hjkϕ

′ − (wiuiuk + wk)∇jϕ+ ϕ2(ujwk − wiuigjk), (3.1.6)

Rijkmu
mwi = h̃jkλ̇− (uiwiwj + uj)∇kλ+ λ2(wkuj − uiwigjk), (3.1.7)

where, for the second equation we have exchanged k with j, after renaming

i with m and vice versa. In (3.1.6), ϕ′ denotes the derivative of the scalar

function along wk: ϕ
′ = wk∇kϕ. Subtracting one equation to the other,

gjk[ϕ
′ − (ϕ2 − λ2)wiui − λ̇] + ujukϕ

′ − (wiuiuk + wk)∇jϕ

+(ϕ2 − λ2)ujwk − wjwkλ̇+ (uiwiwj + uj)∇kλ = 0.

The vectors uj , wj and ∇jϕ span, at most, a 3-dimensional space, then there

exist, at least, n− 3 orthogonal vectors to them. The contraction with one of

these non-zero vectors gives

ϕ′ − λ̇ = (uiwi)(ϕ
2 − λ2) (3.1.8)

and, using this result in the starting equation,

ujukϕ
′ − (wiuiuk + wk)∇jϕ+ (ϕ2 − λ2)ujwk

−wjwkλ̇+ (uiwiwj + uj)∇kλ = 0.
(3.1.9)

The trace of the latter is: (wiui)(ϕ
2 − λ2 + λ′ − ϕ̇) + 2(λ̇− ϕ′) = 0. With the

aid of eq. (3.1.8) we obtain, after cancelling ujwj 6= 0,

ϕ̇+ ϕ2 = λ′ + λ2. (3.1.10)

Hereafter, we denote ξ = (n− 1)(ϕ̇+ ϕ2). The contraction of (3.1.9) with uj

or with wk and the use of (3.1.10) give

uk[ϕ
′ + wiuiϕ̇] + wk[λ

′ + uiwiλ̇] = [(uiwi)
2 − 1]∇kλ, (3.1.11)

uj [ϕ̇+ wkukϕ
′] + wj [λ̇+ uiwiλ

′] = [(uiwi)
2 − 1]∇jϕ. (3.1.12)
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If ∇kϕ is not collinear with uk, the coefficient of wk in (3.1.12) cannot be zero,

and the same equation shows that ∇kϕ is a linear combination of uk and wk.

Eq. (3.1.11) shows that ∇kλ is a linear combination of uk and wk. Since wk is

spanned by the vectors uk and bk, it is convenient to introduce the hyperbolic

rotation of the orthogonal pair (u, b) to the orthogonal pair (w, c):wi = ui coshα+ bi sinhα

ci = ui sinhα+ bi coshα
α 6= 0. (3.1.13)

Then: w2 = −1, ckw
k = 0, ckck = 1, uiuj − bibj = wiwj − cicj . The vector

w must have a component parallel to u, otherwise w would be spacelike. If

w exists, also −w is a timelike unit torse-forming with scalar field −λ. The

following proposition shows that at most two different torse-forming vectors

can exist:

Proposition 3.1.1. The only possible hyperbolic rotation is:

tanhα = − 2Riju
ibj

Rij(uiuj + bibj)
. (3.1.14)

Proof. The contraction of (3.1.4) with ui and of (3.1.5) with wi give the same

result: Riju
iuj = Rijw

iwj = −ξ. Then

0 = Rij(w
iwj − uiuj) = sinhα[Rij(u

iuj + bibj) sinhα+ 2(Riju
ibj) coshα].

If α 6= 0, the result is obtained.

Remark 3.1.2. The property | tanhα| < 1 poses the condition (3.1.3) on

the Ricci tensor of the twisted spacetime for a second vector to exist. The

evaluation of (3.1.14) gives(
R− nξ
n− 1

− (n− 2)Cijb
ibj
)

sinhα = 2v(n− 2) coshα. (3.1.15)

Proposition 3.1.2. The vector field wi is associated to the scalar field

λ = ϕ coshα+
∇kbk

n− 2
sinhα. (3.1.16)

Proof. The torse-forming conditions for ui and wi give the identity

∇i(ukwk) = (ukwk)(ϕui + λwi) + ϕwi + λui,

which becomes

∇iα = (λ coshα− ϕ)bi + λ sinhαui, i.e., ∇iα = λci − ϕbi. (3.1.17)
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The relations ∇kwk = ∇k(uk coshα + bk sinhα) = λ(n − 1) and ∇kuk =

ϕ(n− 1) give:

(λ− ϕ coshα)(n− 1) = sinhαuk∇kα+ coshαbk∇kα+ sinhα∇kbk.

The terms uk∇kα and bk∇kα are obtained from (3.1.17) and the previous

equation gives the function λ.

Remark 3.1.3. Since uiuj−bibj = wiwj−cicj and Riju
iuj = Rijw

iwj = −ξ,

it follows that Rijb
ibj = Rijc

icj. Therefore, the angle α is also given by

tanhα =
2Rijw

icj

Rij(wiwj + cicj)
. (3.1.18)

Eq. (3.1.18), together with (3.1.14), implies

v = −ci∇iλ, (3.1.19)

that corresponds to Riju
ibj = −Rijwicj.

Eq. (3.1.11) in terms of uk and bk becomes, after the cancellation of a factor

sinhα,

uk[(b
i∇iϕ) + coshα(bi∇iλ)] + bk sinhα (bi∇iλ) = sinhα∇kλ.

The contraction with bk gives nothing, while the contraction with uk and the

use of bi∇iϕ = v give again the (3.1.19). After some simplifications, we obtain

that the derivative of λ is decomposed in a parallel and an orthogonal part to

w, as

∇kλ = −wkλ′ − vck. (3.1.20)

Let us finally write the condition (3.1.1) for wj to be torse-forming, in terms

of its hyperbolic components

∇iwj = ∇i(coshαuj + sinhαbj)

= ϕhij coshα+ (uj sinhα+ bj coshα)∇iα+ sinhα(∇ibj)

= λ(gij + wiwj)

= λ[gij + uiuj cosh2 α+ (uibj + ujbi) coshα sinhα+ bibj sinh2 α].

By means of (3.1.17), the elimination of ∇iα gives

(hij − bibj)(ϕ coshα− λ) = sinhα(ϕbiuj −∇ibj).

The elimination of λ by (3.1.16) and the hypothesis sinhα 6= 0 give the con-

dition (3.1.2). If not fulfilled, the non-collinear vector wj does not exist.
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Proposition 3.1.3. Condition (3.1.2) for ∇ibj is the most general combina-

tion of the kind ∇ibj = Agij +Buiuj + Cbibj +Dbiuj + Ebjui.

Proof. The relation bj∇ibj = 0 gives A + C = 0 and E = 0, while uj∇ibj =

−ϕbi provides D = ϕ and A−B = 0. Then: ∇ibj = A(gij+uiuj−bibj)+ϕbiuj .

Finally: ∇kbk = (n− 2)A, and (3.1.2) is obtained.

Proposition 3.1.4. If there exist two different timelike unit torse-forming

vectors ui and wi, the Weyl tensor satisfies

Cij = (uiuj + bibj)−Crijsbsbr, i.e., Crijs(u
sur + bsbr) = (uiuj + bibj).

(3.1.21)

Proof. Using eq. (3.1.13) and (3.1.20), the Ricci tensor can be expressed in

two equivalent forms

Rij =
R− nξ
n− 1

uiuj +
R− ξ
n− 1

gij + v(n− 2)(biuj + bjui)− (n− 2)Cij ,

Rij =
R− nξ
n− 1

wiwj +
R− ξ
n− 1

gij − v(n− 2)(ciwj + cjwi)− (n− 2)C̃ij ,

where C̃ij = Crijsw
rws. The subtraction of the two equations, after some

algebra, gives[
R− nξ
n− 1

sinhα− 2(n− 2)v coshα

]
[(uiuj + bibj) sinhα+ (uibj + ujbi) coshα]

+(n− 2)(Cij − C̃ij) = 0 .

Using (3.1.15) in the previous equation, we obtain

Cij =[(uiuj + bibj) + (uibj + ujbi) cothα](Ckmb
kbm)

− cothαCrijs(u
rbs + usbr)− Crijsbsbr.

(3.1.22)

Since a torse-forming vector is Weyl-compatible, then

Crijs(u
rbs + usbr) = Csjiru

rbs + Crijsu
sbr = (ujCsi + uiCsj)b

s

and (3.1.22) takes the form

Cij =[(uiuj + bibj) + (uibj + ujbi) cothα](Ckmb
kbm)

− cothα(ujCsi + ujCsi)b
s − Crijsbsbr.

. (3.1.23)

The contraction with ui gives

uj(Ckmb
kbm) + brbsuiCrijs = − cothα[bj(Ckmb

kbm)− Csjbs].
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The lhs of the previous equation is zero: brbsuiCrijs = brbs(usCjr − ujCsr) =

−uj(brbsCrs), so that bj is an eigenvector of Cjs

Cjsb
s = bj(b

rbsCrs)

and (3.1.23) reduces to (3.1.21).

Through the following proposition, the condition (3.1.2) can be expressed

in terms of the spatial submanifold (M∗, g∗):

Proposition 3.1.5. Condition (3.1.2) is equivalent to the requirement that

the spatial submanifold (M∗, g∗) admits a unit vector n∗µ(~x), such that

∇∗αn∗β = ϑ(g∗αβ − n∗αn∗β) + n∗αm
∗
β, (3.1.24)

where

ϑ =
∇∗αn∗α
n− 2

,

m∗α = Aα − (g∗γδn∗γAδ)n
∗
α with Aα =

fα
f

= ∇∗α(ln f).

Proof. Choosing i, j = 0, α and i, j = α, β the condition (3.1.2) gives the

non-trivial equations

∂tbα = ϕbα (3.1.25)

∇∗αbβ = 2b(α∇∗β) ln f − bρ∇∗ρ(ln f)g∗αβ + (f2g∗αβ − bαbβ)
∇kbk

n− 2
, (3.1.26)

where ∇∗α is the covariant derivative with respect to the metric g∗αβ, ∇∗α ≡
g∗αβ∇∗β and ∇∗α(ln f) = ∂α(ln f). The expression for ∇kbk is evaluated as

∇kbk = f−2g∗γδ∇γbδ = a−2[∇∗γbγ − 2bγ∇∗γ(ln f) + bρ∇∗ρ(ln f)g∗γγ ]

= f−2[∇∗γbγ + (n− 3)bγ∇∗γ ln f ]

and ∇∗αbβ takes the form

∇∗αbβ =2b(α∇∗β) ln f +
1

n− 2
[∇∗γbγ − bγ∇∗γ ln f ]g∗αβ

− 1

n− 2
f−2[∇∗γbγ + (n− 3)bγ∇∗γ ln f ]bαbβ.

The vector n∗α = bα/f is a unit vector in the spatial submanifold: g∗αβn∗αn
∗
β =

1. In terms of n∗α the previous equation, after some algebra, gives the expres-

sion (3.1.24) and (3.1.25) reduces to ∂tn
∗
α = 0.
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In (3.1.24), the scalar function ϑ can be viewed as expansion parameter in

the submanifold M∗ and the term m∗β = n∗α∇∗αn∗β is the 3-acceleration, with

n∗αm∗α = 0. The vector n∗α is a shear-free and irrotational spacelike congruence

in terms of the 3-dimensional geometry, therefore, it admits a totally umbilical

foliation [21]. In fact, through the discussion in subsection 2.1.1, the normal

unit vector n∗ is such that

n∗α||B = −Bα
AΩ∗AB. (3.1.27)

where α = 1, . . . , n − 1, A = 2, . . . , n − 1, Bα
A is the matrix of the first

derivative of the immersion qα = qα(~u) and Ω∗AB is the second fundamental

form of the (n-2)-dimensional submanifold M̃ with metric tensor g̃ given by

g̃AB = g∗αβB
α
AB

β
B,

(Ω∗AB = g̃ACΩ∗CB). The vector n∗α is chosen to be along the direction 1

without loss of generality. Using the natural immersion, B1
A = 0 and BA

B =

δAB, the expression of n∗α||B is given by

n∗α||B =n∗α,B + Γ∗αβσB
β
Bn
∗σ = n∗α,B + Γ∗αBσn

∗σ = ∇∗Bn∗α

= ϑ(g∗B
α − n∗Bn∗α) + n∗Bm

∗α = ϑg∗B
α,

then, for α = A, g∗B
A = δB

A and (3.1.27) reduces to

Ω∗AB = −ϑg̃AB,

i.e., the first and the second fundamental form are proportional. With the aid

of the following proposition, [17]:

Proposition 3.1.6. If a spacelike manifold (M∗, g∗) admits an umbilical fo-

liation, g∗ is the metric of the doubly twisted product X ×(f1,f2) Y , i.e., there

exists a coordinate system (x, xA), with A = 2, . . . , n−1, such that the induced

metric takes the form

ds∗2 = f2
1dx

2 + f2
2γABdx

AdxB,

where f1 and f2 are two positive functions on M∗ and γAB = γAB(xC) is the

metric of the n− 2 spatial submanifold.

the vector n∗α = (0, f1, 0, . . . , 0) and the manifold M gains the metric struc-

ture

ds2 = −dt2 + f(t, ~x)2[f1(~x)2dx2 + f2(~x)2γAB(xC)dxAdxB].
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Remark 3.1.4. From definition of vα and n∗α follows ∂αϕ̇ = vfn∗α = vff1δ
x
α,

thus the twisting function f has a dependence only by t and x.

Moreover, if ∂αf and n∗α are parallel vectors, eq. (3.1.24) reduces to ∇∗αn∗β =

ϑ(g∗αβ−n∗αn∗β) and the spatial submanifold (M∗, g∗) is twisted, i.e., the metric

has the form

ds2 = −dt2 + f(t, x)2[dx2 + f2(~x)2γAB(xC)dxAdxB].

3.1.1 Four-dimensional twisted spacetimes

No other progress can be made without further hypothesis. For n = 4

the special property (2.3.3) holds and the tensorial form of the Weyl tensor is

completely determined:

Theorem 3.1.2. On a twisted spacetime with dimension n = 4, endowed by

two different timelike unit torse-forming vector field, the electric part of the

Weyl tensor has the following form

2Cij = 3C

(
bibj −

1

3
hij

)
, (3.1.28)

where C ≡ Ck`bkbl.

Proof. The contraction of (2.3.3) with uiun gives the Weyl tensor as a Kulkarni-

Nomizu product between the two symmetric tensors (2uiuj + gij) and Cij :

Cijk` =2(uiu`Cjk − uiukCj` + ujukCi` − uju`Cik)

+ gi`Cjk − gikCj` + gjkCi` − gj`Cik.
(3.1.29)

A further contraction with bib` gives

Cijk`b
ib` =2ujukC + Cjk + gjkC − bkCj`b` − bjCk`b`

=2(ujuk − bjbk)C + Cjk + gjkC.

Using the previous equation in (3.1.21), we obtain (3.1.28).

Remark 3.1.5. From the identification (2.1.18), Cij corresponds to the anisotropic

stress tensor and it is given by the heat flux qi = 2vbi of the imperfect fluid as

2Cij =
3C

q2

(
qiqj −

1

3
q2hij ,

)
(3.1.30)

where q2 = gijq
iqj = 4v2.
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The Ricci tensor is given by

Rij =
R− 4ξ

3
uiuj +

R− ξ
3

gij + 2v(uibj + ujbj)− 3C

(
bibj −

1

3
hij

)
and also the Weyl and the Riemann tensors can be fully expressed in terms of

vectors ui and bi and the metric gij

Cijk` =6C(uiu[`bk]bj + uju[kb`]bi) + 3C(gi[`Lk]j + gj[kL`]i),

Rijk` =Cijk` + (gi[kR`]j − gj[kR`]i)−
1

3
Rgi[kg`]j

=6C(uiu[`bk]bj + uju[kb`]bi) + gi[kF`]j + gj[`Fk]i.

where

Lij = bibj − uiuj −
1

3
gij ,

Fij =
1

3
(R− 4ξ + 12C)uiuj +

1

6
(R− 2ξ + 12C)gij

+ v(uibj + ujbi)− 6Cbibj .

3.1.2 Two perfect fluid picture

Using the EFE for a twisted spacetime with dimension n = 4 that admits

two distinct timelike unit torse-forming vectors, the stress-energy tensor can

be expressed in terms of geometrical quantities R, C, ϕ, the vectors ui, bi and

the metric tensor gij as (in units that absorb the constant κ)

Tij = Rij −
1

2
Rgij =

R− 4ξ

3
uiuj +

−R− 2ξ

6
gij

+ 2v(uibj + ujbj)− 3C

(
bibj −

1

3
hij

)
.

(3.1.31)

The expression of Tij is formally equivalent to (1.2.5) for a two perfect fluid

mixture. In the same way of subsection 1.2.3, let us suppose that there is

a mixture of two perfect fluid. The first one has a flow that is a shear-free,

irrotational and geodesic timelike congruence with velocity field ui, while the

second fluid has a velocity zi tilted with respect to ui (in general it is not the

second torse-forming vector wi). In comoving coordinates, ui = (−1, 0, 0, 0),

the velocity vector field of the tilting perfect fluid and the heat flux qi are

given by

zi = ui coshψ + ti sinhψ = (− coshψ, sinhψtα),

qi = (0, qtα),
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where ti is a unit spacelike vector such that uiti = 0 and, at the moment,

ti 6= bi. The stress-energy tensor is

T ′ij =(p+ µ)uiuj + pgij + q(uitj + ujti) + π

(
titj −

1

3
hij

)
(3.1.32)

and the request Tij = T ′ij implies that bi must coincide with ti and 2v = q,

since the contractions with uj and the projections of (3.1.31) and (3.1.32) on

the orthogonal space of ui give hk
i(Tiju

j) = −2vbi and hk
i(T ′iju

j) = −qti.
The equations (1.2.6), (1.2.7), (1.2.8) and (1.2.9) give the five parameters

µ1, p1, µ2, p2 and ψ, that can be also read in terms of R, ξ, C and v, then

µ1 + µ2 = R
2 − ξ + 3C

p1 + p2 = −R
6 −

ξ
3 + C

tanhψ = −3C
2v

µ2 + p2 = −4v2−9C2

3C

where we used sinhψ = tanhψ√
1−tanh2 ψ

= −3C/2v√
1−9C2/4v2

. With the aid of

µ1 + p1 = (µ1 + µ2) + (p2 + p1)− (µ2 + p2) =
R− 4ξ

3
+ C +

4v2

3C
,

the expression for Tij as a sum of two stress energy perfect fluid is given:

Tij =

(
R− 4ξ

3
+ C +

4v2

3C

)
uiuj +

(
−R

6
− ξ

3
+ C

)
gij +

9C2 − 4v2

3C
zizj ,

where

zi =
1√

1− 9C2/4v2
(ui −

3c

2v
bi).

In general zi 6= wi, but if we impose the condition ψ = α, the expression of

tanhψ and the equation (3.1.14) give the following restriction

4v = −3C

2v

(
R− 4ξ

3
− 2C

)
.

In terms of p1, p2, µ1 and µ2, it assumes the form

p1 + µ1 = p2 + µ2,

but the four parameters remain undefined, since the system of four equations

is indeterminate. No further progress can be made until physical conditions

on µ1, µ2, p1 p2 and ψ are specified. If one such condition is specified, the

remaining four physical quantities can then in principle be expressed on terms

of f and its derivatives. Two conditions on µ1, µ2, p1 p2 and ψ would then

give rise to a differential equation in terms of f that would need to be satisfied,

i.e., a further restriction on the form of the metric.
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3.1.3 The unique torse-forming vector case

In [13], the authors show that in a twisted spacetime with dimension

n = 4, the 3-spatial submanifold can assume a doubly twisted form using

the EFE with a peculiar stress-energy tensor, i.e., a two component perfect

fluids (1.2.5). The same discussion gives the same result without the use of

the Einstein’s equations, but imposing the form (3.1.28) for the electric part

of the Weyl tensor. The relevant equations used for the proof are:

i. The projections of the Bianchi identities (conservation equations) along

the vector u and on the orthogonal subspace to u, uj∇iGij = 0 and

hk
j∇iGij = 0:

Ṙ

2
− ξ̇ + (R− 4ξ)ϕ+ 2∇kvk = 0,

hi
j

(
−1

6
∇jR−

1

3
∇jξ − 2∇kCjk + 2v̇j + 8ϕvj

)
= 0,

where ξ is given in terms of ϕ by the Raychaudhuri equation

ξ = 3(ϕ2 + ϕ̇).

ii. A constraint and a propagation equation for Cij , given by the Bianchi

identities on expressing the Riemann tensor in terms of the Weyl and

Ricci tensors

2∇jCij = 2ϕvi +
1

3
hi
j∇jξ −

1

6
hi
j∇jR, (3.1.33)

uk∇kCij + 2ϕCij =
1

2
hi
khj

`∇(lvk) −
1

6
(∇kvk)hij . (3.1.34)

Since ui is a timelike unit torse-forming vector, there exists a privileged

coordinate system such that the metric takes the form (2.1.1) and ϕ = ∂t(ln f).

The conservation equations become

Ṙ

2
− ξ̇ + (R− 4ξ)∂t(ln f) + 2gαβ∇βvα = 0,

2∂tvα + 6∂t(ln f)vα −
1

3
∇αξ −

1

6
∇αR− 2gβγ∇γCαβ = 0,

then, in terms of the 3-dimensional metric g∗

Ṙ

2
− ξ̇ + (R− 4ξ)∂t(ln f) + 2f−2[∇∗αvα + vα∇∗α(ln f)] = 0, (3.1.35)

2∂tvα + 6∂t(ln f)vα −
1

3
∇αξ −

1

6
∇αR

−2f−2[∇∗βCαβ + Cαβ∇∗β(ln f)] =0.
(3.1.36)
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Finally, equations (3.1.33) and (3.1.34) reduce to

2f−2∇∗βCαβ + 2f−3(∇∗βf)Cαβ = 2ϕvα +
1

3
∇∗αξ −

1

6
∇∗αR, (3.1.37)

2∂tCαβ = ∇∗αvβ − 2v(α∇∗β)(ln f)− 1

3
f2∇∗γ(f−2vγ)g∗αβ, (3.1.38)

where we used ∇∗βvα = ∇∗β∇∗αϕ = ∇∗αvβ.

If Cij is given by (3.1.28), its non-zero components are the spatial compo-

nents

2Cαβ =
3C

v2

[
vαvβ −

1

3
v2f2g∗αβ

]
, (3.1.39)

Inserting the expression (3.1.39) into the left hand-side of (3.1.38) and then

using (3.1.36) to get an expression for ∂tvα, we obtain

∇∗βvα = Aαvβ +Aβvα +Bvαvβ + Cg∗αβ

(the precise expressions for Aα, B and C are unnecessary for the remainder

of the discussion). In terms of the unit spacelike vector

n∗α =
vα√

g∗βδvβvδ
,

the expression for ∇∗βvα gives condition (3.1.24). Then, we have the following

theorem:

Theorem 3.1.3. On a twisted spacetime with dimension n = 4, if (3.1.28)

holds, the space submanifold (M∗, g∗) admits a unit vector n∗µ(~x) that satisfies

(3.1.24) and the metric assumes the form

ds2 = −dt2 + f(t, x)2[f2(~x)2dx2 + f2(~x)2γAB(xC)dxAdxB].

Remark 3.1.6. From the theorem by A. Korn and L. Lichtenstein, any 2-

dimensional spacetime is conformally flat, then γAB(xC)dxAdxB is propor-

tional to dy2 + dz2 (the conformal map can be reabsorbed in f2).

The spatial components of eq. (2.1.10) give the expression for the electric

part of the Weyl tensor in terms of the spatial geometry and the twisting

function f as

−2Cµν =Rµν −
R− ξ

3
gµν

=R∗µν −
1

3
R∗g∗µν −∇∗µ∇∗ν(ln f) +∇∗µ(ln f)∇∗ν(ln f)

+
1

3
[∇∗σ∇∗σ(ln f)−∇∗σ(ln f)∇∗σ(ln f)]g∗µν .
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Since bµ = fn∗µ = f(0, f1, 0, 0) we have CxA = 0, then

R∗xA =∇∗x∇∗A(ln f) = ∂x∂A(ln f)− Γ∗ρxA∂ρ(ln f)

=− ∂x(ln f)∂A(ln f1).

The term ∂x(ln f) is a function of both t and x (otherwise qµ = ∂µ∂t(ln f)

is identically zero), then it must hold R∗xA = 0 and we can take f1(~x) = 1

without loss of generality. The spatial submanifold (M∗, g∗) takes the form of

a twisted spacetime, i.e.,

ds2 = −dt2 + f(t, x)2[dx2 + f2(~x)2(dy2 + dz2)].

The expression of R∗xA for the previous metric is given by

0 = R∗xA = f−2
2 ∂xf2∂Af2 − f−1

2 ∂xAf2,

with solution f2 = χ(x)φ(y, z).

3.2 Unicity in GRW spacetimes

On a GRW manifold, the unicity of the timelike unit torse-forming vector

is guaranteed by the special property ∇iϕ = −uiϕ̇, but for the particular case

where the eigenvalue of the Ricci tensor ξ is constant. We examine in a distinct

way the two different situations. As in the twisted case, let us suppose the

existence of another timelike unit vector wk that satisfies the torse-forming

property (3.1.1). A first answer is provided by the following theorem:

Theorem 3.2.1. On a GRW spacetime with non-constant eigenvalue ξ, the

vector field uk is unique (up to reflection).

Proof. Eq. (3.1.11), with the aid of ∇iϕ = −uiϕ̇, simplifies to

wk[λ
′ + uiwiλ̇] = [(uiwi)

2 − 1]∇kλ,

showing that ∇kλ is collinear with wk: ∇kλ = −wkλ′. Equations (3.1.4) and

(3.1.5) infer that uk and wk are eigenvectors of the Ricci tensor

Rjmu
m = (n− 1)(ϕ2uj −∇jϕ) = (n− 1)(ϕ2 + ϕ̇)uj ,

Rjmw
m = (n− 1)(λ2wj −∇jλ) = (n− 1)(λ2 + λ′)wj ,

with the same eigenvalue ξ, by means of (3.1.10). Let’s evaluate:

∇kϕ̇ = ϕ(uku
m + δk

m)∇mϕ+ um∇m∇kϕ

= ϕ(uku
m + δk

m)(−umϕ̇) + um∇m(−ukϕ̇)

= −uk[um∇mϕ̇] = −ukϕ̈,
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then the derivative of ξ is parallel to u:

∇kξ = (n− 1)∇k(ϕ2 + ϕ̇) = (n− 1)(2ϕ∇kϕ− ukϕ̈) = −ukξ̇,

where ξ̇ = (n−1)(2ϕϕ̇+ ϕ̈). A similar result holds for w: ∇kξ = −wkξ′. From

∇kξ = −wkwj(−uj ξ̇) the contraction with uk gives: [1 − (ujwj)
2]ξ̇ = 0, i.e.,

uj and wj are collinear if ξ is not constant.

Let us investigate the case with ξ = const.

Proposition 3.2.1. On a GRW spacetime, for the eigenvalue of the Ricci

tensor to be degenerate, it is necessary that ϕ(t) = ct+k, with constants c and

k. If the eigenvalue ξ is constant, it must hold ϕ = k.

Proof. The eigenvalue equationsRijw
j = ξwi in the warped frame areR00w

0 =

ξw0 and Rµνw
ν = ξwµ. The first equation is −(n−1)(f̈/f)w0 = ξw0, then the

(2.2.5) for any w0. The second equation, by Rµν = R∗µν + g∗µν [(n− 2)ḟ2 + f̈f ],

has always the solution wi = ui. Other solutions have non-zero space compo-

nents wµ solving the eigenvalue equations

R∗µνw
ν = ξwµ − g∗µν [(n− 2)ḟ2 + f̈f ]wν = (n− 2)

dϕ

dt
wµ,

where we lowered an index: f2g∗µνw
ν = wµ. In the warped frame, the Ricci

tensor R∗µν of (M∗, g∗) does not depend on time, and so must the eigenvalue.

Then ϕ = At+B where A and B do not depend on space coordinates, as the

warping function does not.

If the eigenvalue ξ = (n−1)[(ct+k)2 + c] is a constant, it must hold c = 0,

i.e., ϕ = k, with solution f(t) = A exp(kt), where A is constant.

Theorem 3.2.2. On a GRW spacetime with constant ϕ the torse-forming

velocity is unique unless (M∗, g∗) is a warped submanilfold, i.e., (M∗, g∗) ad-

mits a unit vector field n∗µ(~x) such that ∇∗µn∗ν = ϑ(x)(g∗µν − n∗µn∗ν) with ∇∗µϑ
proportional to n∗µ.

Proof. Suppose that wj exists and that it is not collinear with uj . Then, there

is a reference frame where w0 = 1 and wµ = 0, and the scale factor f̃(t), with

λ =
˙̃
f/f̃ . In this frame, by the previous discussion, degeneracy of ξ requires

λ to be constant. From (3.1.10), we obtain λ = ϕ = k. The torse-forming

condition for wj , ∇iwj = λ(gij +wiwj), in the warped frame may be specified
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by using the Christoffel symbol listed in Appendix B.2

∂tw0 = k(w2
0 − 1)

∂µw0 = kwµ(w0 + 1)

∂twµ = kwµ(w0 + 1)

∂µwν − Γ∗ρµνwρ = k(wµwν + f2(w0 + 1)g∗µν)

Excluding the case k = 0, we can set f(t) = exp(kt)/k. The first three

equations are solved by

w0(x, t) =
1 + d2(x) exp(2kt)

1− d2(x) exp(2kt)
, wµ(x, t) =

1

k

(∂µd
2) exp(2kt)

1− d2(x) exp(2kt)
, (3.2.1)

where the function d(x) is determined by the last differential equation

∂µ(∂νd
2(x))− Γ∗ρµν(∂ρd

2(x)) = 2g∗µν(x), i.e., ∇∗µ(∂νd
2) = 2g∗µν . (3.2.2)

The normalization condition −1 = −w2
0 + f(t)−2g∗µνwµwν gives

4d2 = g∗µν(∂µd
2)(∂νd

2).

If we put ∂µd = n∗µ, then g∗µνn∗µn
∗
ν = 1 and the concircular condition (3.2.2)

for ∂µd
2 show that the 3-vector n∗µ is a spacelike unit torse-forming vector on

(M∗, g∗), i.e.,

∇∗µn∗ν =
1

d
(g∗µν − n∗µn∗ν), (3.2.3)

Furthermore, since the scalar function 1/d(x) has derivative parallel to n∗µ:

∇∗µ(1/d) = ∂µ(1/d) = −n∗µ/d2, the submanifoldM∗ can be written as a warped

product, i.e., there is a choice of space coordinates (x, xA), with A = 2, . . . , n−
1, such that the metric takes the form

ds2 = −dt2 +
1

k2
e2kt(dx2 + f2

2γ
∗
ABdx

AdxB),

where f2 = f2(x) and γAB = γAB(xC) is the spatial submanifold metric with

dimension n− 2.

Remark 3.2.1. For d(x) = 0 equation (3.2.1) gives wk = uk, thus the vector

is unique. For k = 0 the warping function f is constant and the manifold

(M, g) is a trivial disjointed product between the time interval I and the spatial

submanifold M∗, i.e., M = I ×M∗.

This concludes the discussion about the unicity of the torse-forming vector

on GRW spacetimes. It can be phrased as follows:
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Theorem 3.2.3. On a GRW spacetime the timelike unit torse-forming vector

field ui is unique (up to reflection) unless the eigenvalue ξ associated to the

Ricci tensor is constant. Otherwise, there exists a second vector wi and the

submanifold (M∗, g∗) can be written as a warped product.
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Appendix A

A brief reminder of

differential geometry

We report a short reminder of differential geometry starting from the def-

inition of manifolds.

A.1 Manifolds

Definition A.1.1. A n-dimensional, C∞, real manifold M is a set together

with a collection of subsets {Oα} satisfying the following properties:

i. each p ∈M lies in at least one , i.e., the {Oα} covers M,

ii. ∀α, there is a one-to-one map ϕα : Oα → Uα, where Uα is an open subset

of Rn,

iii. if any two sets Oα∩Oβ 6= ∅, the maps ϕα and ϕβ satisfy the compatibility

condition, i.e., the map ϕβ ◦ ϕ−1
α : ϕα(Oα ∩ Oβ) → ϕβ(Oα ∩ Oβ) is

infinitely continuously differentiable.

Given two manifolds M and N of dimension m and n, respectively, the

product space M ×N consists of all pairs (p, q) with p ∈M and q ∈ N into an

(n+m)-dimensional manifold as it follows. If ϕα : Oα → Uα and ψβ : O′β → U ′β
are charts, we define a chart φαβ : Oαβ → Uαβ ⊂ Rn+m on M ×N by taking

Oαβ = Oα×O′β, Uαβ = Uα×U ′β and setting φαβ(p, q) = [ϕα(p), ψβ(q)]. It can

be easily checked that the chart family {φαβ} satisfies (ii) and (iii).

A map f : M → N , between the two manifold M and N , is said to be C∞

if for each α and β, the map ψβ ◦ f ◦ ϕ−1
α taking Uα ⊂ Rn into U ′β ⊂ Rm is

54



APPENDIX A. A BRIEF REMINDER OF DIFFERENTIAL GEOMETRY

C∞. If f : M → N is C∞, one-to-one and it has C∞ inverse, f is called a

diffeomorphism.

A.2 Tangent space

On a manifold M , let F denote the collection of C∞ functions from M

into R. We define a vector on M as the natural generalization of a vector on

Rn:

Definition A.2.1. A tangent vector v at point p ∈M is the map vp : F → R
such that:

i. vp(af + bg) = avp(f) + bvp(g), ∀f, g ∈ F , a, b ∈ R,

ii. vp(fg) = f(p)vp(g) + g(p)vp(f).

The two properties of tangent vectors imply that if f ∈ F is a constant

function, then vp(f) = 0. The collection of tangent vectors at p ∈ M is

denoted as TpM and has the structure of a vector space under the addition

law (vp+wp)(f) = vp(f) +wp(f) and the scalar multiplication law (avp)(f) =

avp(f). Moreover, it can be proved that dim(TpM) = dim(M). Given the

basis {ei} of TpM , named coordinate basis, the vector v is given by v = viei

where vi = v(xi ◦ ϕ) are the components of v respect to the basis {ei}, ϕ a

coordinate chart and xi the coordinates of p through ϕ. Frequently the basis

ei = ∂/∂xi is used.

An equivalent definition of a tangent vector v is the triple (p, ϕ, v), where

ϕ is a chart, such that (p, ϕ, v) and (p, ϕ′, v′) represent the same vector if v′

can be given by v as

v′
j

=
∂x′j

∂xi
vi.

Finally, a tangent vector can be defined through a smooth curve γ on a

manifold M , that is a C∞ map of I ⊂ R into M . At each point p ∈ γ,

we can associate a tangent vector v ∈ TpM such that, for f ∈ F , we set

v(f) = d(f ◦ ϕ)/dt, where f ◦ γ : R→ R is evaluated at p = γ(0). Then

v(f) =
d

dt
(f ◦ γ) =

∂

∂xi
(f ◦ ϕ−1)

dxi

dt
=
dxi

dt
ei(f).

The components vi of the tangent vector v to the curve are given by

vi =
dxi

dt
.
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A tangent field, v, on a manifold M is an assignment of a tangent vector,

v|p ∈ TpM , at each point p ∈ M . If f is a smooth function, then at each

p ∈ M , v|p(f) is a number, i.e., v(f) is a function on M . The tangent field v

is said to be smooth if for each smooth function f , the function v(f) is also

smooth, i.e., if its coordinates basis components vi are smooth functions.

Let us introduce the notion of one-parameter group of diffeomorphisms on

a manifold M as:

Definition A.2.2. A one-parameter group of diffeomorphisms φt : R×M →
M is a C∞ map such that for fixed t ∈ R, φt : M → M is a diffeomorphism

and for t, s ∈ R, we have φt ◦ φs = φt+s.

In this way, for fixed p ∈ M , φt(p) : R → M is a curve, called an orbit of

φt, which passes through p at t = 0 and we can define vp as the tangent vector

to this curve at t = 0.

Conversely, given a smooth vector field, v, on M it is possible to find

integral curves of v that correspond to a family of curves in M having the

property that one and only one curve passes through each point p ∈ M and

the tangent to this curve at p is v|p: if we choose a coordinate system in a

neighborhood of p, we see that the problem of finding such curves reduces to

solving the system of ordinary differential equations in Rn

dxi

dt
= vi(x1, . . . , xn),

where vi is the i-th component of v in the coordinate basis {∂/∂xi}. Such

a system of equations has a unique solution given a starting point at t = 0,

thus, every smooth vector field v has a unique family of integral curves. Given

the integral curves, for each p ∈ M we define φt(p) to be the point lying at

parameter t along the integral curve of v starting at p. Then, φt will be a

one-parameter group of diffeomorphisms.

A.3 Dual form vectors and tensors

We give now the definition of dual vector space and dual form vectors:

Definition A.3.1. The dual vector space T ∗pM of TpM , is the collection of

linear maps ωp : TpM → R, such that vp 7→ wp(vp) ∈ R. T ∗pM is again a

vector space, i.e., addition and scalar multiplication of such linear maps are

defined in the obvious way.
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The space T ∗pM is named cotangent space and elements of T ∗pM are called

covariant vectors or dual form vectors, while vectors of TpM are called con-

travariant vectors. If one defines addition and scalar multiplication of such

linear maps in the obvious way, one gets a natural vector space structure on

T ∗pM . If {ei} is a basis of TpM , it is natural to define elements {ϑi} of T ∗pM

as

ϑi(ej) = δij .

It follows that {ϑi} is a basis of T ∗pM , called dual basis to the basis {ei} of

TpM . In particular, given the coordinate basis {∂/∂xi} of TpM , the associated

dual basis of T ∗pM is usually denoted as {dxi}. This shows that dim(T ∗pM) =

dim(TpM). Under change of basis from {dxi} to {dx′i}, the components ωi of

ω ∈ T ∗pM become

ω′j =
∂xi

∂x′j
ωi.

After defining vectors and dual form vectors over TpM , we define a general

tensors as:

Definition A.3.2. A tensor T of type (k, `) over TpM is the multilinear map

T : T ∗pM × . . .× T ∗pM︸ ︷︷ ︸
k times

×TpM . . . TpM︸ ︷︷ ︸
` times

→ R.

With the obvious rules for adding and scalar multiplying maps, the space

of tensors of type (k, `), denoted as F(k, `), has the structure of a vector space

with dimension nk+`. Given two tensors T and T ′ of type (k, `) and (k′, `′)

respectively, the outer product of T and T ′, denoted by T ⊗ T ′, is a tensor of

type (k + k′, `+ `′) defined as

(T ⊗ T ′)(ω(1), . . . , v(`+`′)) =T (ω(1), . . . , ω(k), v(1), . . . , v(`))

· T ′(ω(k+1), . . . , ω(k+k′), v(`+1), . . . , v(`+`′)),

where {ω(i)} are k+k′ dual vectors ∈ T ∗pM and {v(i)} are `+`′ vectors ∈ TpM .

If {ei} is a basis of TpM and {ϑi} is its dual basis, it is easy to show that the

nk+` simple tensors {ei1 ⊗ . . .⊗ eik ⊗ ϑj1 ⊗ . . .⊗ ϑj`} yield a basis of F(k, `).

A tensor T of type (k, `) can be expressed as sum of simple tensors

T = T i1...ik j1...j`e1 ⊗ . . . ek ⊗ ϑ1 ⊗ . . .⊗ ϑ`,

with basis expansion components T i1...ik j1...j` , named components of the tensor

T with respect to the basis {ei}.
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Another important operation on tensors is the contraction C : F(k, `) →
F(k − 1, `− 1) defined as

CT = T (. . . , ϑi, . . . , ei, . . .),

where {ei} is a basis of TpM and {ϑi} is its dual basis. Given a tensor T ∈
F(k, `) with components T i1...ik j1...j` , the contraction CT has components

(CT )i1...ik−1
j1...j`−1

= T i1...m...ik−1
j1...m...j`−1

.

If T ′ ∈ F(k′, `′) has components T i1...ik′ j1...j`′ , the components of P = T ⊗ T ′

are given by

P i1...ik+k′ ji...j`+`′ = T i1...ik j1...j`T
ik...ik+k′ j`...j`+`′ .

Finally, given the basis {∂/∂xi} and its dual basis {dxi} of TpM and T ∗pM

respectively, the components T i1...ik j1...j` of a tensor T ∈ F(k, `) transform as

T ′i
′
1...i
′
k
j′1...j

′
`

= T i1...ik j1...j`
∂x′i

′
1

∂xi1
. . .

∂x′i
′
k

∂xik
∂xj1

∂x′j
′
1
. . .

∂xj`

∂x′j
′
`

,

that defines the tensor transformation law.

A.4 Pseudo-Riemannian manifolds

Definition A.4.1. A pseudo-Riemannian manifold (M, g) is a differentiable

manifold M equipped with an everywhere non-degenerate, smooth, symmetric

tensorial field g of type (0, 2), named metric tensor:

i. gij = gji,

ii. for p ∈M if gp(v, w) = 0 ∀v ∈ TpM then w = 0.

In particular, if gp(v, v) > 0 ∀v ∈ TpM the manifold is named Riemaniann

manifold, otherwise pseudo-Riemannian manifold. Given a metric tensor g on

an n-dimensional manifold M , the quadratic form q(v) = gp(v, v) applied to

each vector v of any orthogonal basis produces n real values. The signature

of the metric tensor (p, q, r) is the number of each positive, negative and zero

values produced, that are invariants of the metric tensor, independent of the

choice of the orthogonal basis. A non-degenerate metric tensor has r = 0 and

the signature is denoted by (p, q).

Definition A.4.2. A Lorentzian manifold (M, g) is a pseudo-Riemannian

manifold with signature of the metric tensor (n− 1, 1).
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Given the basis {dxi} of T ∗pM , we can define

ds2 ≡ g = gijdx
i ⊗ dxj ≡ gijdxidxj ,

where dxidxj is the symmetrized product. The metric tensor g establishes a

scalar product in TpM as (v|w) = gp(v, w) for v, w ∈ TpM . If ei is the dual

base of {ϑi}, the previous expression becomes

gp(v, w) = gp(v
iei, w

jej) = gijv
iwj ,

where gij denoted gp(ei, ej), since a metric g is a tensor of type (0,2). If

we apply the metric to the vector vi, we get the dual vector gijv
j . It is

convenient to denote this vector as simply vi, thus making notationally explicit

the isomorphism between TpM and T ∗pM defined by gij . The inverse of gij is

a tensor of type (2,0) and is denoted as gij . If we apply the inverse metric to a

dual vector ωi, we denote the resultant vector gijωi as simply ωj . In general,

raised or lowered indices on a general tensor denote application of the metric

or inverse metric.

A.5 Derivative operators

Definition A.5.1. A covariant derivative ∇ on a manifold M is a map which

takes each smooth tensor field of type (k, `) to a smooth tensor field of type

(k, `+ 1) such that:

i. linearity: ∀A,B of type (k, `) and α, β ∈ R,

∇c(αAi1...ik j1...j` +βBi1...ik
j1...j`) = α∇c(Ai1...ik j1...j`) +β∇cBi1...ik

j1...j`),

ii. Leibniz rule: ∀A of type (k, `) and B of type (k′, `′),

∇c(Ai1...ik j1...j`B
r1...r′k

s1...s′`
) =(∇cAi1...ik j1...j`)B

r1...r′k
s1...s′`

+Ai1...ik j1...j`(∇cB
r1...r′k

s1...s′`
),

iii. commutativity with contraction:

∇c(Ai1...m...ik j1...m...j`) = ∇cAi1...m...ik j1...m...j` ,

iv. consistency with the notion of tangent vectors as directional derivatives

on scalar fields: ∀f : M → R and all v ∈ TpM ,

v(f) = vi∇if,
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v. torsion free: ∀f : M → R,

∇i∇jf = ∇j∇if.

The derivative operator is not unique, in fact, as shown in [35], any two

derivative operators ∇ and ∇̃ are related by

∇iwj = ∇̃iwj − Ckijwk, (A.5.1)

where Ckij is a tensor of type (1,2) and wk a dual vector field. A symmetry

property of Ckij follows immediately from condition (v): if we put wk =

∇kf = ∇kf̃ it follows that Ckij = Ckji. The general formula for ∇i on an

arbitrary tensor field T of type (k, `) in terms of ∇̃i and Ckij is

∇iT j1...jkm1...m` =∇̃iT j1...jkm1...m` +

k∑
r=1

Cjr icT
j1...c...jk

m1...m`

−
∑̀
s=1

CcimsT
j1...jk

m1...c...m`

(A.5.2)

Thus, the difference between the two derivative operators ∇i and ∇̃i is com-

pletely characterized by the tensor field Ckij . The most important case of

two different derivative operator is for ∇̃i = ∂i. In this way, the tensor Ckij

is denoted as Γkij , named Christoffel symbol, that together with the ordinary

derivative tells us how compute the derivative ∇i.
On a manifold M with derivative operator ∇i, we can define the parallel

transport of a vector vi along a curve γ with a tangent ti. The vector vi, given

at each point on the curve, is said to be parallelly transported as one moves

along the curve if the equation

tj∇jvi = 0

is satisfied along the curve.

Given only the manifold structure, many distinct derivative operators can

be defined, but there is a natural choice requiring the constancy of inner

product between two vector when they are parallely transported along any

curve, i.e., ∇kgij = 0. It is easily provable that such request implies

Γkij =
1

2
gk`(∂igj` + ∂jgi` − ∂`gij).

and (A.5.1) takes the form

∇iwj = ∂iwj − Γkijwk.
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A.6 Curvature: the Riemann tensor

The curvature of a manifold is completely described by the Riemann cur-

vature tensor that is directly related to the failure of a vector to return to

its initial value when parallel transported around a small closed curve. The

Riemann tensor Rijk
` is defined as

(∇i∇j −∇j∇i)wk = Rijk
`w`, (A.6.1)

where wk is a dual vector field. For a general tensor of type (k, `)

(∇i∇j −∇j∇i)T a1...ak b1...b` =−
k∑
r=1

Rijm
arT a1...m...ak b1...b`

+
∑̀
s=1

Rijbs
mT a1...ak b1...m...b` .

Using equation (A.5.2) in (A.6.1), the components of the Riemann tensor are

given by

Rijk
` = −∂iΓ`jk + ∂jΓ

`
ik + ΓmikΓ

`
mj − ΓmjkΓ

`
im

The proof of the important properties listed below can be found in [35]:

i. Rijk
` = −Rjik`,

ii. R[ijk]
` = 0,

iii. since ∇igjk = 0 we have Rijk` = −Rij`k,

iv. the Bianchi identities hold: ∇[iRjk]`
m = 0.

The Riemann tensor can be decomposed into a trace part and a trace-free

part. By the antisymmetry properties (i) and (iii), the only non-zero trace of

the Riemann tensor is over the second and fourth (or equivalently, the first

and third) indices, that defines the Ricci tensor

Rik = Rijk
j .

Since Rijk` = Rk`ij (it can be easily proved using the first three properties)

the Ricci tensor is symmetric in its indices

Rik = Rki.

Finally, the scalar curvature R is defined as the trace of the Ricci tensor

R = Rii.
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The contractions of i with m and j with ` of the Bianchi identities ∇[iRjk]`
m =

0 lead to a fundamental equation for the consistency of Einstein’s equation

∇iRij =
1

2
∇jR, (A.6.2)

that can be written as

∇iGij = 0,

where

Gij = Rij −
1

2
Rgij

is named the Einstein tensor.

The trace-free part of the Riemann tensor is named Weyl tensor, Cijk
`,

and is defined for manifolds of dimension n ≥ 3 by the equation:

Rijk` = Cijk` +
2

n− 2
(gi[kR`]j − gj[kR`]i)−

2

(n− 1)(n− 2)
Rgi[kg`]j .

By the definition, the Weyl tensor satisfies the first three properties of the Rie-

mann tensor. Moreover, it can be verified that it is invariant under conformal

transformations of the metric, then it is also called the conformal tensor.

As for the standard decomposition of the Maxwell tensor Fij into its electric

and magnetic parts ~E and ~B with respect to an observer, i.e., a unit timelike

vector ui, we can define the electric and magnetic parts of the Weyl tensor as

in [20]:

(C+)ijk` = himhjnhk
rh`

sCmnrs + 4u[iu[kC
j]m

`]numu
n

(C−)ijk` = 2himhjnCmnr[ku`]u
r + 2uru

[iCj]rmnhkmh`n

At a spacetime point (or region) the Weyl tensor is called purely electric (mag-

netic) with respect to ui if C− = 0 (C+ = 0).

62



Appendix B

Riemann tensor on twisted

and GRW spacetimes

B.1 Twisted spacetimes

Christoffel symbol Γkij = 1
2g
km(gjm,i + gim,j − gij,m):

Γ0
i0 = 0, Γk00 = 0, Γρµ0 = (ḟ/f)δρµ, Γ0

µν = fḟg∗µν ,

Γρµν = Γ∗ρµν + (fν/f)δρµ + (fµ/f)δρν − (fρ/f)g∗µν ,

where ḟ = ∂tf , fµ = ∂µf and fµ = g∗µνfν .

Riemann tensor Rjk`
m = −∂jΓmk` + ∂kΓ

m
j` + Γij`Γ

m
ki − Γik`Γ

m
ji:

Rµ0ρ
0 = ff̈g∗µρ,

Rµνρ
0 = g∗µρ(f∂ν ḟ − ḟfν)− g∗νρ(f∂µḟ − ḟfµ),

Rµνρ
σ = R∗µνρ

σ +

(
ḟ2 − fλfλ

f2

)
(g∗µρδ

σ
ν − g∗νρδσµ)

+
2

f2
(fσfνg

∗
µρ − fσfµg∗νρ + fµfρδ

σ
ν − fνfρδσµ)

+
1

f
[∇∗µ(fσg∗νρ − fρδσν)−∇∗ν(fσg∗µρ − fρδσµ)].

Ricci tensor Rj` = Rjk`
k:

R00 = −(n− 1)(f̈/f),

Rµ0 = −(n− 2)∂µ(ḟ/f),

Rµν = R∗µν + g∗µν [(n− 2)ḟ2 + ff̈ ] + 2(n− 3)
fµfν
f2

− (n− 4)
fσfσ
f2

g∗µν − (n− 3)
1

f
∇∗µfν −

1

f
g∗µν∇∗σfσ.

63



APPENDIX B. RIEMANN TENSOR ON TWISTED AND GRW
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Scalar curvature R = Rkk:

R =
R∗

f2
+

1

f2
(n− 1)[(n− 2)ḟ2 + 2ff̈ ]

−(n− 2)(n− 5)
fσfσ
f4
− 2(n− 2)

∇∗σfσ

f3

B.2 GRW spacetimes

Christoffel symbol Γkij = 1
2g
km(gjm,i + gim,j − gij,m):

Γ0
i0 = 0, Γk00 = 0, Γρµ0 = (ḟ/f)δρµ, Γ0

µν = fḟg∗µν ,

Γρµν = Γ∗ρµν .

Riemann tensor Rjk`
m = −∂jΓmk` + ∂kΓ

m
j` + Γij`Γ

m
ki − Γik`Γ

m
ji:

Rµ0ρ
0 = ff̈g∗µρ,

Rµνρ
0 = 0,

Rµνρ
σ = R∗µνρ

σ + ḟ2(g∗µρδ
σ
ν − g∗νρδσµ).

Ricci tensor Rj` = Rjk`
k:

R00 = −(n− 1)(f̈/f),

Rµ0 = 0,

Rµν = R∗µν + g∗µν [(n− 2)ḟ2 + ff̈ ].

Scalar curvature R = Rkk:

R =
R∗

f2
+

1

f2
(n− 1)[(n− 2)ḟ2 + 2ff̈
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