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Abstract

In f(R) gravity and in quadratic gravity, a perfect-fluid Ricci tensor

R — n¢ R—¢
Rij = p— u,-uj—i-in_lg,-j
(Wuj=-1, R= R¥ R/ = €u;), does not in general correspond to a

perfect-fluid stress-energy tensor Tjj = (p + p)ujuj + pgjj.

We show that:

o If the space-time is Generalised Robertson-Walker (GRW) with
V™ Cigim = 0, R # 0, (Robertson-Walker (RW) in n = 4),
then the two properties coexist for any f(R).

@ On an n-dimensional RW sp-time, if the Ricci tensor is perfect-fluid
then the stress energy tensor is perfect-fluid in any quadratic theory
of gravity.
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f[R] gravity, S =L [d"x /& FIR(X)] + Smatt
R — 5Rgn = kT
Ry perfect fluid <= T, perfect fluid

F(R)Ra — [f (R)(VkR)(VIR) + f (R)ViV,R]
+gulf (R)(VkR)? + f (R)V2R — Lf(R)] = r Ty

0

{ ViRV R = Qauju; ‘|‘ﬁgij - { ViR = —U,‘R (R =4 O)
ViViR = o/ uju; + B'gj Viuj = o(u;u; + gij)

Then: ViV/R = —pRgu — (<pR — F\")ukul (R = uPV,R).
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A hierarchy of space-times

ds® = —dt?® + azg;;,(x)dx“dx"

1) RW: a(t), (M*, g*) maximally symmetric.

2) GRW: a(t), (M*, g*) a Riemannian manifold.

- studied by geometers since late '90

- on a time-slice the average of principal curvatures is const. H(t) = a/a.
3) TWISTED: a(x, t), (M*, g*) a Riemannian manifold (Chen, 1979).

Theorem (Bang-Yen Chen, covariant characterizations)

A Lorentzian manifold is:

TWISTED iff there is a time-like vector field s.t. V;7j = pgij + «;Tj
with o*7 = 0 (Kragujev.J.M. 2017);

GRW (ff there is a time-like vector field s.t. V;X; = pgjj (GERG, 2014)
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An unifying scheme:

Theorem (Mantica & Molinari, GERG 49, 2017)

A Lorentzian manifold is Twisted iff there is a vector field (*)

ujuj' = -1, V;u_,' = cp(g,'j aF u,'uj')

-p=ala
- the manifold is GRW if Rjkuk = Eu;
- the manifold is RW if also Cijy = 0

(* acceleration, vorticity and shear -free velocity field
Viuj = %(gu + U,'Llj) — vty + wjj + O';J')
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Twisted space-times | Viui = o(ujuj + gj), Wuj =

-1

i) ux is “Weyl / Riemann compatible”

(ui Cikim + uj Chitm + uk Cijim)u™ =0
(then Cigjmu™ = 0 <= Ejy = ! u™ City = 0)
(Ui Rikim + uj Riim + uxRijim)u™ =0 (GRW)

i) Weyl tensor

u" Ciyim =0 = V" Cigm =0

V" Ciim = uPVp(u" Ciim) = —(n — 1)u™ Citym

uijk/m =0+ vajkIm =0 (GRW)
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Twisted space-times |l

V,‘Uj = L,O(U,'Uj aF g,'j)., UjUj =-1

i) Ricci tensor

R — R—n
Ry = =g+ = ujuy + (n = 2wy + vity = Gt u™)
n—1 n—1
£=(n—1)(@+ 9%,
Vi = Vi + ugp, v =0

(Ry = 518 + g uit + uigy + qity + M)

i) vk = 0 (equivalent to R/ = {u;)

i) —(n — 2)Cowo = R}, — £5g7,, (comoving frame)
iii) the Ricci tensor is perfect fluid iff V" Cjyjp = 0
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Twisted space-times |ll. Questions

1) Is the velocity field V;u; = ¢(ujuj + gjj) unique? (Yes in GRW)
2) A recurrent generalized curvature tensor (it is zero in n = 4)

. 2
Cikim = Cikim — =5 (UjumExs — tgumEjy — ujui Eym + ugcu; Ejm)

— L (gjimExi — 8kmEji — 8jiExm + &k1Ejm)

Cikimtu™ =0, uPV [ jkim = =207 jkim

3) What properties survive acceleration? V;u; = o(ujuj + gjj) — ujl;
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Theorem (unpublished)

IF sp-time is GRW with V'™ Cyjjm = 0, R # 0 (in n = 4 the sp-time is RW),
THEN perfect fluid Ricci tensor <= perfect fluid matter tensor Vf(R)

Proof (always R # 0):

{ VRV |R = au;uj + Bgj — { (1) Viu; = p(uiu;j + gjj)
Vi«VIR = O/U,’Uj + 5’g,-j (2) ViR4+uR=0 (R =+ 0)

o If Ry perfect fluid & sp-time GRW, THEN (1) is true, V" Cjyjm =0
THEN (2) is true = Tj perfect fluid

o If sp-time GRW & V" Cjjm = 0 THEN Ry is perfect fluid & (1,2)
are true = T} perfect fluid
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Stress-energy tensor Ty = (p + p)ujux + pgjk

Kp = _%f_|_ I: f [(n_ )¢R+ k]f// . sz/”(R)
i = of — € + (n—l)soRf”

lp=38/a=H,  &=(n-1)3/a]

- Vacuum solution p = 0, i = 0 possible for R;; # 0.
- Friedmann equations:

n—3 Rf' — f
,LL =

n—1 (n— 2)(H + H2)f/ — (HR + R)f// _ R2fM

=30 RO | 0 D0 2] 4 (0 DH R

(n=4 and R* =0, Sotiriou & Faraoni, 2010)
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Quadratic gravity (Deser & Tekin, 2003)

R 2\ .
S= /d” +aR?+ bR;RY

+C(Rjk/mRJ —4Rijjk+R2)} + Sm

Ty :%(Rk, — 3R + New) + 2aR(Ri — § Raw)
+ (2a+ b)(guV? = ViV1)R + bV*(Ru — 3 Ra)
+ 2b(Rakbl — 38kIRab)R?®
+ 2¢[RRiy — 2Raip1 R? + Ricae RI°%
— 2R R — Lgu(RiimRM™ — 4Ry R + R?)]

Theorem (unpublished)

On an n-dimensional Robertson-Walker space-time:
Rij perfect fluid => T;; perfect fluid, in any quadratic theory of gravity.
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