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Given a Hamiltonian with ground state |EN0 〉 with N
electrons and two one-particle states |u〉 and |u′〉, the
time-ordered 1-particle propagator is

iG(u, t;u′, t′) = 〈EN0 |Tψu(t)ψ†u′(t
′)|EN0 〉 (1)

=

{
+ 〈EN0 |ψue−

i
~ (Ĥ−E0)(t−t′)ψ†u′ |EN0 〉 t > t′

−〈EN0 |ψ†u′e−
i
~ (Ĥ−E0)(t′−t)ψu|EN0 〉 t′ > t

If t > t′, it is proportional to the amplitude for the prop-
agation from time t′ to time t of a state formed by adding
a particle |u′〉 to the ground state, to a state where a par-
ticle |u〉 is added to the ground state (the states ψ†u|E0〉
are not normalised, therefore the Green function is only
proportional to a probability amplitude). If t′ > t the
amplitude refers to a hole being created in |u〉 at time t
and destroyed in |u′〉 at later time t′.
Since it depends on t− t′, it has Fourier representation:

G(u, t;u′, t′) =

∫ +∞

−∞

dω

2π
e−iω(t−t′)G(u, u′;ω) (2)

The discontinuity at t = t′ implies a slow decay of the
Fourier transform:

lim
|ω|→∞

ωG(u, u′;ω) = 〈u|u′〉 (3)

Proof: iG(u, t + η;u′, t) − iG(u, t − η;u′, t) = 〈u|u′〉 for
η → 0+. Write the propagators in Fourier space:

〈u|u′〉 =

∫ +∞

−∞

dω

π
sin(ωη) G(u, u′;ω)

=

∫ +∞

−∞

dω

π

sinω

ω

[
ω

η
G(u, u′;

ω

η
)

]
While η → 0, the quantity s = ω/η takes any value.
Since the limit exists, it must be G(u, u′, s) = κ/s for
some κ. In the limit: 〈u|u′〉 = κ, i.e. eq.(3) holds. �

If the system is confined in a box, the spectrum of
the Hamiltonian is discrete, with eigenstates |ENa 〉. In-
sertion of the identities 1 =

∑
a |EN±1

a 〉〈EN±1
a | in eq.(1)

makes the time-dependence explicit. In frequency space
the propagator for position-spin states has the following
Lehmann’s representation7

Gµµ′(x,x
′;ω) =

∑
a

〈EN0 |ψµ(x)|EN+1
a 〉〈EN+1

a |ψ†µ′(x′)|EN0 〉
ω − 1

~ (µ+ εN+1
a ) + iη

+
〈EN0 |ψ†µ′(x′)|EN−1

a 〉〈EN−1
a |ψµ(x)|EN0 〉

ω − 1
~ (µ− εN−1

a )− iη
(4)

The values EN±1
a − EN±1

0 = εN±1
a ≥ 0 are the excita-

tion energies. In the differences EN±1
0 − EN0 = ±µ, the

chemical potential is insensitive to N , if N is large.

I. HOMOGENEOUS SYSTEMS

For a homogeneous system confined in the box the
propagator has expansion

Gµµ′(x,x
′, ω) =

1

V

∑
k

eik·(x−x
′)Gµµ′(k, ω)

Let us assume that Gµµ′ = δµµ′G. Since H and P com-
mute, they share a basis of eigenvectors |ENa ,k〉; in the
rest frame the ground state has momentum equal to zero.
By the operator identity and its adjoint

ψµ(x) = exp(− i
~

x ·P)ψµ(0) exp(
i

~
x ·P)

the Lehmann representation in k space is obtained:

G(k, ω) = 1
2V
∑
a,µ

[ |〈EN0 |ψµ(0)|EN+1
a ,k〉|2

ω − 1
~ (µ+ εN+1

a (k)) + iη

+
|〈EN0 |ψ†µ(0)|EN−1

a ,−k〉|2
ω − 1

~ (µ− εN−1
a (−k))− iη

]
With the introduction of the spectral function

A(k, ω) =

V
2

∑
aµ

|〈EN0 |ψµ(0)|EN+1
a ,k〉|2δ(ω − 1

~ (εN+1
a (k) + µ))

+ |〈EN0 |ψ†µ(0)|EN−1
a ,−k〉|2δ(ω + 1

~ (εN−1
a (−k)− µ))

we get the remarkable expression:

G(k, ω) =

∫ ∞
−∞

dω′
A(k, ω′)

ω − ω′ + iη sign (~ω′ − µ)
(5)

It pictures G as a superposition of independent-particle
propagators G0, weighted by the spectral function, which
is real, positive and normalized for all k:∫ +∞

−∞
dω A(k, ω) = 1 (6)

The propagator for independent particles

G0(k, ω) =
1

ω − ω0
k + iη sign(~ω0

k − µ0)

has a pole at Re ω = ω0
k, which is the dispersion rela-

tion of the particle (e.g. ω0
k = ~k2/2m) and Im ω is an

infinitesimal with sign. The spectral function is a delta-
function peaked at the pole:

A0(k, ω) = δ(ω − ω0
k)
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As the two-particle interaction is turned on, the spectral
function is expected to broaden and gain structure, and a
“quasi-particle” pole to remain, with modified dispersion
and finite imaginary part.

The spectral function can be measured through the
photocurrent intensity of outgoing electrons in angle-
resolved photoemission spectroscopy (ARPES)13. In
HEG it is sharply peaked, with small equally spaced
satellites denoting plasmon excitations15.
A high frequency expansion gives the spectral moments

G(k, ω) ≈ 1

ω
+
m1(k)

ω2
+
m2(k)

ω3
+ . . .

m`(k) =
∫∞
−∞ ω`A(k, ω)dω. The first ones were evaluated

for HEG by Vogt et al.17. The variance m2−m2
1 measures

the width, that depends on k.

Exercise I.1 Show that:

iGµµ′(k; t) = 〈EN0 |Tak,µ(t)a†k,µ′ |EN0 〉 (7)

nµ(k) = −iGµµ(k, 0−) =

∫ +∞

−∞

dω

2πi
Gµµ(k, ω)eiωη (8)

Exercise I.2 Show that if t > 0:

iG(k, t) =

∫ ∞
µ/~

dω e−iωtA(k, ω) (9)

n(k) = 〈EN0 |a†kµakµ|EN0 〉 =

∫ µ/~

−∞
dωA(k, ω) (10)

For independent fermions: iG0(k, t) = e−iω
0
ktθ(~ω0

k−µ0)
and n0(k) = θ(µ0 − ~ω0

k) = θ(kF − k).

A. Lorentzian approximation

A weak interaction produces a broadening of the δ-
shaped spectral line of the ideal gas. A useful approxi-
mation is a Lorentzian of half-width Γk > 0,

A(k, ω) =
1

π

Γk
(ω − ωk)2 + Γ2

k

(11)

This distribution decays too slowly to have finite mo-
menta. The propagator has the simple expression:

G(k, ω) =
1

ω − ωk + iΓk sign(~ω − µ)
(12)

For Γk → 0 the propagator of the ideal Fermi gas is
reproduced, with the correct imaginary part of the pole.
In the time domain (t > 0):

iG(k, t) = e−iωkt−Γkt − Γk

∫ µ/~

−∞

dω

π

e−iωt

(ω − ωk)2 + Γ2
k

For k values ωk � µ/~ + Γk the integral is negligible,
and the first term describes the propagation of a quasi-
particle with dispersion ω = ωk, that decays with lifetime
Γ−1
k .
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FIG. 1: The distribution nσ(k) for the Lorentzian spectral
function. Units are such that µ = 1, ~Γ/µ = 0.1, 0.5, 0.01.

The average occupation number in momentum space
is (see fig.1):

n(k) =
1

2
+

1

π
arctg

µ− ~ωk
~Γk

(13)

For infinitesimal broadness Γk we recover the step distri-
bution of noninteracting fermions.

B. The Fermi surface

The imaginary part of eq.(5) changes sign only once,
at ~ω = µ, and for all k:

ImG(k, ω) =

{
πA(k, ω) > 0 if µ > ~ω
−πA(k, ω) < 0 if µ < ~ω

(14)

This important property identifies the chemical potential
µ of the system of interacting particles as the value ~ω
at which Im G changes sign.
For the homogeneous electron gas (HEG) Luttinger6

showed that, near ~ω = µ, it is

|ImG(k, ω)| ≈ C(k)(µ− ~ω)2

The change of sign of Im G reflects in another represen-
tation of the propagator:

G(k, ω) =
1

ω − ω0
k − Σ?(k, ω)

(15)

where ~ω0
k is the single particle energy. It implies that

Im Σ?(k, ω) =

{
> 0 if µ > ~ω
< 0 if µ < ~ω

(16)

and

A(k, ω) =
1

π

|ImΣ∗|
(ω − ω0

k − ReΣ∗)2 + (ImΣ∗)2

The frequency value where the imaginary part of the
self-energy changes sign (vanishes), identifies the chemi-
cal potential µ of the interacting system of fermions. To
this special value there corresponds a surface in k space:
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Definition I.3 (Fermi surface) The Fermi surface of
the system is the set of k vectors such that

µ

~
− ω0

k − Σ?(k,
µ

~
) = 0 (17)

(the imaginary part of the self energy is zero for all k).

Theorem I.4 (Luttinger and Ward, 1960)
The volume enclosed by the Fermi surface equals the density
(per spin direction)∫

dk

(2π)3
θ (G(k, µ/~)) = n (18)

A proof is given in appendix.

If the interaction is varied at fixed density, while the Fermi
surface may change, the inner volume does not change.
For isotropic systems the Fermi surface, both for non-
interacting and the interacting system, is the surface of
a sphere of radius kF fixed by the density.

C. Quasi-particles

In analogy with the propagator of independent parti-
cles, the first property that defines a quasi-particle is to
be a simple pole of the propagator:

0 = ω − ω0
k − Σ?(k, ω) (19)

With the pole at ω1(k) + iω2(k), the propagator has the
form of a quasi-particle propagator plus a regular part:

G(k, ω) =
Z(k)

ω − ω1(k)− iω2(k)
+Greg(k, ω) (20)

The residue Z(k) is the “quasi-particle weight”, and
the sum rule for the spectral function implies that 0 ≤
Z(k) ≤ 1. Where it is close to unity, the quasi-particle
term effectively describes the whole system in a region of
k vectors.
The Lehmann representation tells us that ω2 has the sign
of µ− ~ω1. Accordingly,

iG(k, t) =iGreg(k, t)

+

{
Z(k)e−iω1(k)t+ω2(k)tθ(~ω1 > µ) t > 0

−Z(k)e−iω1(k)t+ω2(k)tθ(~ω1 < µ) t < 0

Then ω2(k)t < 0 always describes the damping of the
quasi-particle mode. If the pole is near the real axis, the
lifetime is long and a frequency integral of the propagator
is strongly enhanced in its vicinity, with a particle-like
contribution weighted by the residue. The concept of
quasi-particle is useful if we require that ω2 is small.
From eq.(19), we obtain

ω1(k)− ω0
k − Re Σ?(k, ω1(k)) = 0 (21)

ω2(k) = Z(k) Im Σ?(k, ω1(k)) (22)

Z(k) =

[
1− ∂

∂ω
Re Σ?(k, ω)

]−1

ω=ω1(k)

(23)
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We calculate the o↵-diagonal density matrix of the homogeneous electron gas at zero tempera-
ture using unbiased Reptation Monte Carlo for various densities and extrapolate the momentum
distribution, and the kinetic and potential energies to the thermodynamic limit. Our results on the
renormalization factor allows us to validate approximate G0W0 calculations concerning quasiparticle
properties over a broad density region (1  rs . 10) and show that near the Fermi surface, vertex
corrections and self-consistency aspects almost cancel each other out.
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The uniform electron gas (jellium) is one of the most
fundamental models for understanding electronic proper-
ties in simple metals and semiconductors. Knowledge of
its ground state properties, and, in particular, of modifi-
cations due to electron correlation are at the heart of all
approximate approaches to the many-electron problem in
realistic models. Quantum Monte Carlo methods (QMC)
[1] have provided the most precise estimates of the corre-
lation energy, electron pair density and structure factor
of jellium; basic quantities for constructing and parame-
terizing the exchange-correlation energy used in density
functional theory (DFT) [2].

Correlations modify the momentum distribution, nk,
of electrons, and introduce deviations from the ideal
Fermi-Dirac step-function. The magnitude of the dis-
continuity at the Fermi surface (kF ), the renormaliza-
tion factor Z, quantifies the strength of a quasi-particle
excitation [3] and plays a fundamental role in Fermi liq-
uid and many-body perturbation theory (GW) for spec-
tral quantities. Whereas the momentum distribution (as
well as other spectral information) is inaccessible in cur-
rent Kohn-Sham DFT formulations, the reduced single-
particle density matrix – the Fourier transform of nk in
homogeneous systems – is the basic object in the so-called
density-matrix functional theory [4]; these theories rely
on knowledge of nk of jellium. Inelastic x-ray scattering
measurement of the Compton profile of solid sodium [5]
have determined nk, but experiments for elements with
di↵erent electronic densities are less conclusive.

In this paper, we calculate nk for the electron gas (jel-
lium) by QMC in the density region 1  rs  10. Here,
rs = (4⇡na3

B/3)�3 is the Wigner-Seitz density parame-
ter, n is the density, and aB = ~2/me2 is the Bohr radius.
In contrast to previous calculations [6], our calculations
are based on more precise backflow (BF) wave functions
[7], and a careful extrapolation to the thermodynamic
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FIG. 1: The momentum distribution (nk) of the unpolarized
electron gas for various densities extrapolated to the thermo-
dynamic limit. The inset shows the extrapolation of nk for
rs = 5 from a system with N = 54 electrons to the thermo-
dynamic limit, N ! 1,leading to a significant reduction of
the renormalization factor Z.

limit [8, 9]. Similar to the worm algorithm in finite tem-
perature path-integral and lattice Monte Carlo [10, 11],
we have extended Reptation Monte Carlo (RMC) [12] to
include the o↵-diagonal density matrix in order to ob-
tain an unbiased estimator of the momentum distribu-
tion [13, 14]. From our extrapolation scheme, we derive
the exact behavior of nk close to the Fermi surface. By
comparing the renormalization factor, Z, with di↵erent
approximate GW theories, we can judge the importance
of self-consistency and vertex corrections within these ap-
proaches. The excellent agreement of our QMC results
with G0W0 over a broad density region indicate strong
cancellations of vertex and self-consistency corrections
close to the Fermi surface.
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FIG. 2: The distribution n(k) for HEG, at various rs. For
small rs (large density) the gas is closer to ideal, with step
distribution (Ceperley et al.19).

The smallness of ω2 is ensured by ~ω1(k) close to to the
Fermi surface, where ImΣ?(k, ω) vanishes. The require-
ment is then: |ω2| � |ω1 − µ/~|.

In conclusion, these are the properties that characterize
a quasi-particle:
i) it is a pole of the propagator, in complex ω plane,
ii) the residue Z(k) is not negligible (order 1),
iii) |ω2| � |ω1 − µ/~|.

The presence of a quasi-particle reflects in a disconti-

nuity of the momentum density nk = 〈gs|a†k,σak,σ|gs〉
across the Fermi surface (17), a fact first proven by
Migdal2. The proof is straightforward. By evaluating
(8) with the pole expansion (20), the residue theorem
gives:

n(k) = nreg(k) +

{
Z(k) if ~ω1(k) < µ

0 if ~ω1(k) > µ

The equation for the Fermi surface (17) is equivalent to
~ω1(k) = µ. At a point kµ of the surface, the jump is:

n(k<µ )− n(k>µ ) = Z(kµ)

For metals, this step can be measured in Compton scat-
tering experiments13. For HEG, an accurate Montecarlo
evaluation of the momentum distribution near kF was
done by Holzmann et al.19 (Fig.2).

D. Effective mass

Long-living quasi-particles are found near the Fermi
surface. If the residue is close to unity, this means that
the Fermi surface is sharp, i.e. the momentum density
n(k) has a finite (in general k-dependent) discontinuouity
across it. It is then meaningful to expand the dispersion
relations near the Fermi surface.
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For simplicity we consider the isotropic case. In the
interacting case, the Fermi surface has equation

µ− ω0
k − ~Σ?(k,

µ

~
) = 0 (24)

while for the free electrons it is µ0 − ω0
k = 0. The two

surfaces coincide as they bound the same Fermi sphere
in k space, of radius kF (Luttinger-Ward theorem).
We expand the dispersion laws near the surface:

~ω0
k = µ0 +

~2kF
m

(k − kF ) + . . .

~ω1(k) = µ+
~2kF
m∗

(k − kF ) + . . .

where m∗ is the effective mass of the quasi-particle.
Linearization of eq.(21) near kF gives:

m

m∗
= Z(kF )

[
1 +

m

~kF
∂

∂k
Re Σ?(k,

µ

~
)

]
k=kF

(25)

The imaginary part ω2(k) of the pole defines the life-time
of the quasi-particle, which is finite because of scattering
processes, and diverges near the Fermi surface:

~
τ(k)

= −2Z(k) Im Σ?(k, ω1(k)) (26)

The mean free path is the length ` = ~kF
m∗ τ(kF ).

The quasi-particle parameters m∗, Z(kF ) and τ(k)
have been evaluated for the homogeneous electron gas
in several approximations: R.P.A. (Quinn and Fer-
rell, 1958)3, G.W.A. (Krakovsky and Percus, 1996)12,
G.W.A. with vertex corrections (Takada, 2001)15. We
report the quasi-particle data in R.P.A.8

τ(k)−1 = 0.252
√
rs
~(k − kF )2

2m
+ . . . (27)

m

m∗
= 1− 0.083 rs(log rs + 0.203) + . . . (28)

The interaction with phonons gives a much stronger
renormalization, about 40% in metals like Na or Al, and
15% in Cs. An evaluation of self-energy with 1-phonon
exchange is given in Mahan’s book13? .

Exercise I.5 The self-energy diagram for HEG with
screened Coulomb potential in the Thomas-Fermi approx-
imation is

Σ?(k) = −1

~

∫
dq

(2π)3

4πe2

|k− q|2 + k2
TF

θ(kF − q)

= −~k2
F

m

4

3π2
r3/2
s

{
1 +

1 + a2

4x
log

(1 + x)2 + a2

(1− x)2 + a2

− (a+
x

2a
)

[
arctan

x+ 1

a
− arctan

x− 1

a

]}
where x = k/kF and a = kTF /kF = 3

√
16/(3π2)

√
rs ≈

0.8145
√
rs. Evaluate the effective mass m?.

Exercise I.6 Consider the self-energy diagram for HEG
with 1-phonon exchange:

Σ?(k) =
i

~

∫
d4k′

(2π)4
G0(k − k′)D(k′)

D(k) = g2 ω2
k

ω2 − (ωk − iη)2
θ(ωD − ωk)

where ωD is Debye’s cutoff and ωk = ck (c is the veloc-
ity of sound waves in the solid). Show that Im Σ?(k, ω)
changes sign once, as a function of ω.

II. INHOMOGENEOUS SYSTEMS

In the general expression of Lehmann’s representation
(4) it is useful to introduce the functions f ′aµ(x) and
f ′′aµ(x), which carry the quantum numbers x, µ of a single
particle, and the frequencies ω′a and ω′′a :

f ′aµ(x) = 〈EN0 |ψµ(x)|EN+1
a 〉, ~ω′a = µ+ εN+1

a (29)

f ′′aµ(x) = 〈EN0 |ψ†µ(x)|EN−1
a 〉, ~ω′′a = µ− εN−1

a (30)

It is ~ω′a > µ and ~ω′′a < µ. Eq.(4) becomes

Gµµ′(x,x
′, ω)

=
∑
a

f ′aµ(x)f ′aµ′(x
′)∗

ω − ω′a + iη
+
f ′′aµ′(x

′)f ′′aµ(x)∗

ω − ω′′a − iη

=
∑
a

faµ(x)faµ′(x
′)∗

ω − ωa + iηsign(µ− ~ωa)
(31)

where the sum is on the set {f ′a, f ′′a } corresponding to
~ωa > µ and ~ωa < µ. Completeness of the eigenstates
|EN±1
aµ 〉 in the subspaces with N ± 1 particles implies∑

a

f ′aµ(x)f ′aµ′(x
′)∗ = 〈EN0 |ψµ(x)ψ†µ′(x

′)|EN0 〉 (32)∑
a

f ′′aµ(x)f ′′aµ′(x
′)∗ = 〈EN0 |ψ†µ′(x′)ψµ(x)|EN0 〉 (33)

Their sum gives a completeness property in 1-particle
space: ∑

a

faµ(x)faµ′(x
′)∗ = 〈xµ|x′µ′〉 (34)

In general, the functions are not orthogonal.
In eq.(31) the propagator has the form of the propa-

gator of non-interacting particles or of the Hartree-Fock
approximation. Then, the functions fa would be eigen-
states of a one-particle Hamiltonian, or solutions of the
H.F. equations. For this analogy, the fa are called “quasi-
particle” states.
The functions solve a Schrödinger-like equation11, which
was derived in 1952 by Julian Schwinger. Consider the
equation for the Green function:

(~ω − ĥx)Gµµ′(x,x
′, ω)

= ~〈xµ|x′µ′〉+

∫
dx′′Σ?µµ′′(x,x

′′, ω)Gµ′′µ′(x
′′,x′, ω)
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where h is the single particle operator, and the self-energy

acts as bi-local potential (the local term is included in ĥ).
Insert the representation (31) and take the limit ω → ωa:

(ĥfaµ)(x) +
∑
µ′′

∫
dx′′~Σ?µµ′′(x,x

′′, ωa)faµ′′(x
′′)

= ~ωafaµ(x) (35)

The ground-state average of a one-particle observable is

〈EN0 |O|EN0 〉 =
∑
µµ′

∫
dxdx′〈xµ|ô|x′µ′〉f ′′aµ(x)∗f ′′aµ(x′)

=
∑
a

〈fa|ô|fa〉θ(µ− ~ωa) (36)

where the functions fa are treated as elements of the
Hilbert space of one particle with spin. In particular the
ground-state density of particles with spin µ is

〈EN0 |nµ(x)|EN0 〉 =
∑
a

|faµ(x)|2θ(µ− ~ωa) (37)

Integration and spin summation give a sum rule for the
squared norms in the one-particle Hilbert space:

N =
∑
aµ

‖fa‖2θ(µ− ~ωaµ) (38)

The total energy can be evaluated with the operator
identity

∑
µ

∫
dxψ†µ(x)[ψµ(x), H] = H1 + 2H2, where

H = H1 +H2 is the Hamiltonian, and H1, H2 are 1 and
2-particle operators. The average on the ground state
|EN0 〉 gives

NEN0 −
∑
µ

∫
dx 〈EN0 |ψ†µ(x)Hψµ(x)|EN0 〉 = 〈H1 + 2H2〉

A resolution of identity with states |EN−1
a 〉 is inserted to

obtain an expression with quasi-particle states

〈H1 + 2H2〉 = NEN0 −
∑
a

EN−1
a ‖fa‖2θ(µ− ~ωa)

=
∑
aµ

~ωa‖fa‖2θ(µ− ~ωa)

By adding the ground-state expectation value of H1 one
obtains the energy of the ground state:

EN0 = 1
2

∑
a

〈fa|ĥ+ ~ωa|fa〉θ(µ− ~ωa) (39)

A. Approximate quasi-particle evaluation

In applications, one may solve the quasi-particle equa-
tion (35) perturbatively, by starting from approximate
functions. In density functional theory (DFT) the inter-
acting many body problem is replaced by a problem with

independent particles in a self-consistent Kohn-Sham po-
tential. The particle density n(x), the chemical potential
µ and the ground state energy EN0 so obtained, are in
principle the same as in the many-body problem.
However, the accuracy of experimental data show the
limits of approximations to the unknown Kohn-Sham po-
tential. For this reason, DFT is often used as the zero
order for a many body calculation.
Let us then start from the Kohn-Sham equation:

(ĥf0
aµ)(x) + vKS(x)f0

aµ(x) = ~ω0
af

0
aµ(x) (40)

The functions f0
a form an orthonormal system, and the

eigenvalues are real. If the potential vKS were exactly
known, the solutions f0

a , though different from the quasi-
particle functions fa, would provide the same density,
chemical potential and total energy of the many-body
problem. Since this is not the case, let’s go back to
Schwinger’s eq.(35) and take the scalar product with f0

b ,

and use the KS equation to eliminate ĥ:∑
µ,µ′

∫
dxdyf0

bµ(x)∗Σ?µµ′(x,y, ωa)faµ′(y)

− 1
~ 〈f0

b |vKS |fa〉 = (ωa − ω0
b )〈f0

b |fa〉

The formula is rewritten as

(f0
b |Σ?(ωa)|fa)− 1

~
〈f0
b |vKS |fa〉 = (ωa − ω0

b )〈f0
b |fa〉.

At first order, the unknown amplitudes faµ(x) are re-
placed with f0

aµ(x), and the self-energy is expanded

at the Kohn-Sham frequency: Σ?(ωa) ≈ Σ?(ω0
a) +

∂ωΣ?(ω0
a)(ωa−ω0

a). In the hypothesis that the functions
f0
a are real, one obtains:

Reωa = ω0
a + Za(f0

a |Re Σ?(ω0
a)− 1

~vKSδ|f0
a ) (41)

Imωa = Za (f0
a | Im Σ?(ω0

a)|f0
a ) (42)

Z−1
a = 1− ∂

∂ω
(f0
a |Re Σ?(ω)|f0

a )
∣∣∣
ω=ω0

a

(43)

Za is the quasi-particle weight, δ means δ(x− y).

III. PROOF OF THE L-W THEOREM
(A WALTZER IN THE COMPLEX PLANE)

Proof. There are several similar proofs: the original
one by Luttinger and Ward5, the dissertation by Praz9, a
lesson by Gurarie10, the book by Giuliani and Vignale18,
Dzyaloshinski16, Pieri and Strinati21, Heatt et al.22.
The particle density for each spin value is:

n =

∫
dk

(2π)3
nk,

nk =

∫ ∞
−∞

dω

2πi
eiωηG(k, ω)
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Now, in the integral for nk, insert the identity

G(k, ω) =G(k, ω)
∂

∂ω
Σ(k, ω)− ∂

∂ω
logG(k, ω)

and integrate by parts; the boundary term vanishes be-
cause G(ω) ≈ 1/ω and Σ(ω)/ω → 0,

nk = −
∫ ∞
−∞

dω

2πi
eiωη[Σ(k, ω)

∂

∂ω
G(k, ω) +

∂

∂ω
logG(k, ω)]

The first integral will be shown to be zero. What remains
is rewritten as follows (see Najak)

n = −
∫

dk

(2π)3

∫ ∞
−∞

dω

2πi
eiωη

∂

∂ω
logG(k, ω)

= −
∫

dk

(2π)3

∫ ∞
−∞

dω

2πi
eiωη

∂

∂ω
[logGR(k, ω) + log

G(k, ω)

GR(k, ω)
]

The first integral is zero because the retarded function is
analytic in the upper half-plane. The ratio G/GR is 1 for
ω > µ. Then:

n = −
∫

dk

(2π)3

∫ µ

−∞

dω

2πi

∂

∂ω
log

G(k, ω)

GR(k, ω)

=

∫
dk

(2π)3

∫ µ

−∞

dω

2πi

∂

∂ω
log

GR(k, ω)

GR?(k, ω)

=

∫
dk

(2π)3

1

π
[φk(−∞)− φk(µ)]

where GR(k, ω) = |GR(k, ω)| exp iφk(ω). Given that

GR(k, ω) =

∫ +∞

−∞
dω′

A(k, ω)

ω − ω′ + iη

it is ImGR(ω) = −πA(ω) < 0 and ReGR(ω) ≈ 1/ω for
large |ω|. Then, φk(−∞) = π.
Since ImG(k, µ) = 0, G(k, µ) = ReGR(k, µ) =
|G(k, µ)| cosφk(µ) is real; therefore the phase φk(µ) can
be either 0 or π. Only k values where the phase is zero
do contribute. The result is (18). �

Lemma:
∫

d4k
(2π)4 Σ(k) ∂

∂ωG(k) = 0.

To prove it, we require the existence of the Phi functional:

Φ[G, v] =
∑∞

n=1

1

2n

∫
d4k

(2π)4
Σ(n)(k)G(k)

where Σ(n) is the sum of self-energy skeleton diagrams
with n interaction lines v and 2n−1 dressed propagators
G. It has the property:

δΦ

δG(k)
=
∑
n

1

2n

[∫
d4k′

(2π)4

δΣ(n)(k′)
δG(k)

G(k′) + Σ(n)(k)

]
=
∑
n

1

2n

[
(2n− 1)Σ(n)(k) + Σ(n)(k)

]
= Σ(k)

Then: δΦ =
∫

d4k
(2π)4 Σ(k)δG(k). Among possible first

order variations we consider δG(k) = G(k, ω + δω) −
G(k, ω) = (∂G/∂ω)δω

0 =
δΦ

δω
=

∫
d4k

(2π)4
Σ(k, ω)

∂G(k, ω)

∂ω

= −
∫

d4k

(2π)4

∂Σ

∂ω
G(k, ω)

Lemma:
∫∞
−∞

dω
2πie

iωη ∂
∂ω logGR(k, ω) = 0.

By the Argument principle of complex analysis, the
contour integral counts the number of zeros minus
the number of poles in the upper half plane. We are
assuming that GR has no zeros, while its poles are in
the lower half-plane.

Acknowledgments

I am indebted to dr. Tommaso Albrigi for his thesis
work on the Luttinger-Ward theorem (2020).

1 L. D. Landau, The theory of a Fermi Liquid, Soviet Physics
JETP 3, 920-925 (1957).

2 A. B. Migdal, The momentum distribution of interacting
Fermi particles, Soviet Physics JETP 5, 333-334 (1957).

3 J. J. Quinn and R. A. Ferrell, Electron self-energy approach
to correlation in a degenerate electron gas, Phys. Rev. 112,
812 (1958).

4 J. M. Luttinger, Fermi surface and some simple equilib-
rium properties of a system of interacting fermions, Phys.
Rev. 119, 1153-1163 (1960).

5 J. M. Luttiger and J. C. Ward, Ground-State Energy of a
Many-Fermion System, Phys. Rev. 118 (1960) 1417.

6 J. M. Luttinger, Analytic properties of single-particle prop-

agators for many-fermion systems, Phys. Rev. 121, 942-
949 (1961).

7 A. L. Fetter and J. D. Walecka, Quantum Theory of Many
Particle Systems (1971 MacGraw Hill, New York).

8 R. D. Mattuck, A guide to Feynman Diagrams in the
many-body problem, (1974, Dover).

9 Antoine Praz, A Proof of Luttinger’s Theorem, Disserta-
tion ETH n.15383 (1976)

10 Victor Gurarie, Lessons on Quantum Many Body Theory,
week 9, The Luttinger Theorem (online).

11 E. K. U. Gross, E. Runge and O. Heinonen, Many Particle
Theory, (Adam Hilger, 1991 Bristol).

12 A. Krakovsky and J. K. Percus, Quasi-particle effective



7

mass for the two- and three-dimensional electron gas, Phys.
Rev. B 53, 7352 (1996).

13 G. D. Mahan, Many-Particle Physics, 3rd edition, (2000
Kluwer Academic/Plenum Publishers).

14 R. Shankar, Luttinger revisited - The Renormalization
Group approach, J. Stat. Phys. 103 (2001) 485–502.

15 Y. Takada, Inclusion of vertex corrections in the self-
consistent calculation of quasi-particles in metals, Phys.
Rev. Lett. 22, 226402 (2001).

16 Igor Dzyaloshinskii, Some consequences of the Luttinger
theorem: The Luttinger surfaces in non-Fermi liquids and
Mott insulators, Phys. Rev. B 68 (2003) 085113 (6pp.)

17 M. Vogt, R. Zimmermann and R. J. Needs, Spectral mo-
ments in the homogeneous electron gas, Phys. Rev. B 69,
045113 (2004).

18 Giuliani and Vignale, Quantum Theory of the Electron Liq-
uid, (2005, Cambridge).

19 M. Holzmann, B. Bernu, C. Pierleoni, J. McMinis,
D. M. Ceperley, V. Olevano and L. Delle Site, Momentum
distribution of the homogeneous electron gas, Phys. Rev.
Lett. 107, 110402 (2011).

20 Friedhelm Bechstedt, Many-Body approach to electronic
excitations, (Springer Series in Solid State Sciences 181,
Springer, 2015).

21 P. Pieri and G. Calvanese Strinati, Luttinger theorem and
imbalanced Fermi systems, Eur. Phys. J. B (2017) 90:68

22 J. T. Heath and K. S. Bedell, Necessary and Suffi-
cient Conditions for the Validity of Luttinger’s Theorem,
arXiv:1906.00929 [cond-mat.str-el]


	Homogeneous systems
	Lorentzian approximation
	The Fermi surface
	Quasi-particles
	Effective mass

	Inhomogeneous systems
	Approximate quasi-particle evaluation

	Proof of the L-W theorem     (a waltzer in the complex plane)
	Acknowledgments
	References

