EFFECTIVE INTERACTION AND POLARIZATION
NOTES BY L. G. MOLINARI

1. THE EFFECTIVE INTERACTION

In a many body system the “bare” interaction U® between two particles in empty
space is “dressed” by polarization insertions. I give here a derivation of the expres-
sion of the polarization based on the diagrammatic expansion of the propagator.

The one-particle Green function (propagator) iG(z,y) = (Eo|TSv ()T (y)|Eo)«
is the sum of all diagrams with a particle being created at y and destroyed at x that
do not contain vacuum factors (spin is included in the variable. For the interaction
each variable has a spin pair). The first-order rainbow diagram is

%/dxldngO(a:,xl)GO(xl,x;")GO(a:g,y)UO(:cl,xg)

If we select the diagrams of G(x,y) with fixed configuration of three bare propaga-
tors, the sum of such diagrams defines the effective interaction U(x1, z2):

%/dmdfﬂzGO(x,fl)GO(%,!Cz)GO(@,y)U(wlaiUQ)

The zero-order term of U (w1, 22) is U%(z1,22). The next ones arise in diagrams of
second and higher orders of G(x, ), and necessarily contain two U° lines as follows:

%/dmdmdmdm GO, 21)G° (21, 22) GO (22, y) [U° (21, y1) (Y1, y2)U° (y2, 22)]

II(y1,y2) is the polarization, that sums all possible insertions among the two factors
U°. Therefore, the effective potential is:

(1) U(xlaffz) = Uo(l”l,xz) + /dyldyQUO(xlayl)H(ylayZ)Uo(yQ;xZ)

The expression for II is now derived by considering the diagrams associated to
contractions of G(x,y) that maintain the product of three bare propagators. Ac-
cordingly, we write the expansion of S from second order, where only V(¢;) and
V (t2) are specified in second quantization! and the contractions (x) with ¥ (z;),
Y(x1) with ¥f(z2) and ¥ (z2) with ¥ (y) are frozen:

“+ o0 + o0
/dl’ld$2dy1dy2U0($1,yl)UO(y27$2)/ dté/ dthflx
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INote the absence of factorials and powers of 2, as we only consider topologically different
diagrams.
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2 EFFECTIVE INTERACTION AND POLARIZATION

The star means that we avoid diagrams with vacuum factors; C' means making only
contractions linking z; to xs.

r1e., Z1e.
. o

G°f U% GO I
. Y2

o ““ To b .‘.'

1st diagram with bare interaction and with polarization insertions.

The frozen contractions iGY(xz, 1), iG® (21, z2), iG°(xa,y) are specified:

1 43
Z(izh)2 /dxldszo(x,ﬂfl)Go(xl,$2)GO(=’E2,Z/)/dyldyNUO(xlayl)Uo(y%x2)

<3 e [ et ) )V (8)-V 00 () )
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= ﬁ/dIldIQGO(I,$1)G0(Z1,$2)G()($27y)

1
X |:Z-h/dyldy2U0($17y1)U0(-T2ay2)<E0|TS"/}T(y1)1/J(y1)'€/JT(y2)w(y2)|EO>*C
We leave the interaction picture:

(Eo|TS%T (y1) v (y1) 0T (y2) (y2) | Eo)we: = (BT (1) (y1)¢" (2) 0 (12) |[E) o

The unwanted contractions are those that factor (disconnect) into a function of y;
and a function of y,2.

2) (BITYL () @) @) W)|E)e = (BT[], ()¢ ()] 5[] (y) v (1)]| E)

We now write the expression of the effective potential (1) in full detail:

(3) UH#/WV' (Ilﬂ 1'2) = U/?;L/,m/’ (Ila IQ) + Z /dyldyQ U/?;L/,pp’ (xlayl)
pp'oa’

anp’,aa/ (yla yz)Ugg/,W/ (yQa .’[2)

(@) My (2,) = < CBITO} )y ()08 (0 ()| B

2A 2-point correlator can be decomposed into connected and disconnected parts:
(E|ITA@)B(y)|E) = (EITA@)B(y)|E)c + (E|A@)| E)E|B(y)|B)

By defining 6A(z) = A(z) — (E|A

(EITA

z)|E), the connected correlator is

(
(@)B()|E)c = (E|T5A(x)§ B(y)| E)
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The polarization II,, ;o (x,y) is the sum of all topologically distinct connected
diagrams where a particle is being created with spin p and one destroyed with spin
p’ at the space-time point 2 and another pair of similar events occurs at .

Because of time-ordering, the polarization is symmetric: II,p o0 (z,y) =
o/ ppr (Y, ). The symmetry implies that the exchange symmetry of the bare inter-
action UV is inherited by the effective potential:

(5) Uppt v (2, y) = Upwr e (Y, )

If the bare interaction does not modify the spin of the particles, i.e.
USM,W/(;I:,y) = 0,0, U°(z,y), then the same property holds for the effective
interaction: Uy (2,y) = dup 60 U2, y).

In this case, equation (3) is:

6) Uz, 22) = Uo(thvz)+Z/dy1dy2U0($1,y1)H(y1,y2)U0(y2,$2)
po

™) 1(r,9) = 3 Myuan () = =5 (B Ton(x)on(y) | B)

II(x,y) is the scalar polarization.

’\/\/\/\/\/‘:’\/\/\/\/\/‘--ﬁ-’\/\/\/\/‘.\/\/\/\/‘-

2. PROPER POLARIZATION
The polarization diagrams may be reordered as
=1+ 4+ 112 ..
where IT* is the sum of proper or irreducible polarization diagrams, i.e. diagrams
that cannot be disconnected into two polarisation diagrams by removal of a single
UY line. II' is the sum of polarization diagrams that may be disconnected (into
polarization diagrams) in a unique way, i.e. there is just one line U whose re-

moval disconnects the diagram into two proper ones (II' = II*U°IT*), and so on.
Therefore:

I =I1* + [*U°T* + Ul ula” + ...
=IT* + T*U°(I1* + T U°TT* +...)
=1I* + I[I*U 1L

In the same way one obtains II = II* 4+ IIU°II*. These are the Dyson’s equations
for the polarization II, in terms of the proper polarization. One of them is:

(8) H(.Tl,fEQ) = H*(l‘l,fﬂg) + /dl‘gl’4 H*(xl,l’g)UO(SC37l’4)H(IE4, IQ)

As a consequence, one obtains a Dyson equation for the effective interaction in
terms of the proper polarization:

(9) U(zy,x2) = Uo(xl,xg) + /dmgdx4 Uo(xl,xS)H*(:E3,x4)U(x4,x2)
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Exercise 2.1. Show that U(1,2) = U°(1,2) + [d3d4U(1,3)I1*(3,4)U%(4,2) and
[d3 U°(1,3)I1(3,2) = [d3 U(1,3)I1*(3,2).
Exercise 2.2. Show that [ d11I(1,2) = 0. Does this imply [d111*(1,2) =07
3. SPACE-TIME TRANSLATION INVARIANCE

If both U° and II are space-time translation-invariant (i.e. f(x +y,2’ +y) =
f(z,2') for all y), then also U and IT* are invariant.
It is convenient to expand the functions in k& = (k,w) space:

flz,2') = / g:rl;eik(““:/)f(k), kr =k -x — wt

The Dyson equations become algebraic:
U(k) = U°(k) + U° (k)II* (k)U (k)
(k) = II*(k) + I* (k) U° (k)I1(k)

They are matrix equations in spin variables. If they are scalar equations, the
solutions are:

_ U°(k)
1= UK (k) ’

1T (k)

(10) U(k) T 10Ok (k)

TI(k)

For a static two-particle potential U%(z,2") = v(x —x')§(t —t'), it is U°(k) = v(k).
Then:

_ (k) 1Mk, w)
(11) Uk,w) = kw) nk,w) = k)
(12) [ e(k,w) = 1 — v(R)IT* (K, w)

e(k) is the (time ordered) generalised dielectric function.

Despite the bare interaction being static, the effective interaction is time-dependent
through the dielectric function, which describes the response of the medium. For
the Coulomb interaction,

2

4me
Uk, w) =
(ko) = T~ e (ko)

The long-range Coulomb interaction is modified by the screening produced by the
polarized medium.



