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1. Static Wick theorem

Let K0 =
∑
r(εr − µ)c†rcr. The “static” Wick theorem evaluates the thermal

average of a product of creation and destruction operators of any state and in any
order

〈ψ1...ψN 〉 = tr

[
e−βK0

Z0
ψ1...ψN

]
• 〈ψ1ψ2 . . . ψN 〉 = 0 if the number of creation operators is not equal to the

number of destruction operators (in particular it is zero if N is odd).

• The τ -evolution of cr and c†r is cr(τ) = e−
1
~ (εr−µ)τ cr and c†r(τ) = e+

1
~ (εr−µ)τ c†r.

In particular, with τ = ~β we obtain the useful relations

cre
−βK0 = e−β(εr−µ)e−βK0cr, c†re

−βK0 = e+β(εr−µ)τe−βK0c†r(1)

Lemma 1. Let C1...CN be any choice of N (even) destruction and creation oper-
ators in the set cr, c

†
r. Then

〈C1C2 . . . CN 〉 =

N∑
k=2

〈C1C2 . . . Ck . . . CN 〉(2)

where the contraction is C1Ck = 〈C1Ck〉.

Proof. The strategy is to bring C1 to the right of CN by repeated (anti)commutations
(we use the same parenthesis). Then, by the cyclic property of the trace, C1 is
brought to the left of e−βK0 . By means of the relations (??) C1 and the state are
exchanged, to obtain the initial correlator times a factor.

〈C1C2 . . . CN 〉 = 〈[C1, C2]C3 . . . CN 〉 ± 〈C2C1C3 . . . CN 〉
= 〈[C1, C2]C3 . . . CN 〉 ± 〈C2[C1, C3] . . . CN 〉+ 〈C2C3C1 . . . CN 〉

The process continues until we reach CN :

= 〈[C1, C2]C3 . . . CN 〉 ± 〈C2[C1, C3]C4 . . . CN 〉+ 〈C2C3[C1, C4] . . . CN 〉
. . . + 〈C2C3C4 . . . [C1, CN ]〉 ± 〈C2C3 . . . CNC1〉

The last term is 〈C2 . . . CNC1〉 = e∓β(ε1−µ)〈C1C2 . . . CN 〉, where the upper sign
refers to C1 being a destruction operator, and the lower sign for a creator. Then:

〈C1C2 . . . CN 〉 =
1

1∓ e∓β(ε1−µ)
[
〈[C1, C2]C3 . . . CN 〉 ± ...+ 〈C2C3 . . . [C1, CN ]〉

]
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Now we define the contraction of two operators (a c-number!):

CrCs =
[Cr, Cs]∓

1∓ e∓β(εr−µ)
= 〈CrCs〉(3)

The contraction is extended to the case of p operators between:

CrC1 . . . CpCs = (±1)pCrCsC1 . . . Cp(4)

With this definition, the result follows. �

The non-zero contractions are:

c†rcs =
δrs

e+β(εr−µ) ∓ 1
= δrsnr(5)

crc
†
s =

δrs
1∓ e−β(εr−µ)

= δrs(1± nr)(6)

Since any operator ψ is a linear combination of operators cr, and ψ† is a linear
combination of operators c†r, the lemma extends by linearity to generic products of
destruction and creation operators:

〈ψ1ψ2 . . . ψN 〉 =

N∑
k=2

〈ψ1ψ2 . . . ψk . . . ψN 〉(7)

where the non-zero contractions are:

ψ†jψk = 〈ψ†jψk〉 ψjψ
†
k = 〈ψjψ†k〉(8)

The lemma gives a sum of terms with a single contraction; each term contains
two less operators. By applying the lemma repeatedly to each term, the reduction
comes to an end. The result is the static Wick theorem:

Theorem 2. The thermal average of an equal number of creation and destruction
operators is the sum on all possible contractions of all pairs in the product. The
contraction of a pair is the thermal average of the pair.

In this variant of the lemma, the pivot Ck is an operator not in first position.

Lemma 3. For N even:

〈C1 . . . CN 〉 =

k−1∑
j=1

〈C1 . . . Cj . . . Ck . . . CN 〉+

N∑
j=k+1

〈C1 . . . Ck . . . Cj . . . CN 〉(9)

Proof. By the KMS property we bring Ck in first position. Let Dj = Cj(−~β):

〈C1 . . . Ck . . . CN 〉 = 〈Ck . . . CND1 . . . Dk−1〉

=

N∑
j=k+1

〈Ck . . . Cj . . . CND1 . . . Dk−1〉+

k−1∑
j=1

〈Ck . . . CND1 . . . Dj . . . Dk−1〉

The first sum is
∑N
j=k+1〈C1 . . . Ck−1Ck . . . Cj . . . CN 〉. A term in the other sum is:

〈Ck . . . CND1 . . . Dj . . . Dk−1〉 = 〈Cj+1 . . . Ck−1Ck . . . CND1 . . . Dj〉



3

The Q = j−1+N−k operators between Ck and Dj are taken out of the contraction
and the KMS property is used:

= (±1)Q〈C1 . . . Cj−1Cj+1 . . . Ck−1CkDjCk+1 . . . CN 〉

Note that CkDj = 〈CkCj(−~β)〉 = 〈CjCk〉 = CjCk by the KMS property. Then:

= (±1)Q〈C1 . . . Cj−1Cj+1 . . . Ck−1CjCkCk+1 . . . CN 〉

= (±1)Q+P 〈C1 . . . Cj−1CjCj+1 . . . Ck−1CkCk+1 . . . CN 〉

where P = N − j + k − 1. Then P +Q = 2(N − 1), which is even. �

Example 4. (free fermions)

〈a†k+qµa
†
p−qνapνakµ〉 =〈a†k+qµakµ〉〈a

†
p−qνapν〉 − 〈a

†
k+qµapν〉〈a

†
p−qνakµ〉

=δq,0nknp − δµνδq,p−knknp

In particular, for the HEG it is: 〈Uee〉 = − 1
V

∑
kp

4πe2

|k−p|2nknp.

Example 5. 〈nrns〉 = 〈c†rcrc†scs〉 = nrns + 〈c†rcs〉〈crc†s〉 = nrns + δrsnr(1±nr). In
particular:

〈n2r〉 − 〈nr〉2 = nr(1± nr) =
eβ(εr−µ)

(eβ(εr−µ) ∓ 1)2
= − 1

β

∂nr
∂εr

2. T-ordered wick theorem

With generator K0 the τ -evolution of the operators cr and c†r is a c-factor. We
define the T-ordered contraction of two operators:︷ ︸︸ ︷

Cr(τ)Cs(τ
′) = 〈TCr(τ)Cs(τ

′)〉(10)

and extend the definition to the case with p operators between.

Lemma 6.

〈TC1(τ1) . . . CN (τN )〉 =

N∑
j=2

〈TC1

︷ ︸︸ ︷
(τ0) . . . Cj(τj) . . . CN (τN )〉(11)

Proof. The action of T is to permute the operators putting times in a decreasing
sequence

〈TC1(τ1) . . . CN (τN )〉 = (±1)π〈Cπ1
(τπ1

) . . . C1(τ1) . . . CπN
(τπN

)〉

We apply Lemma ?? of the static Wick theorem, with the notation Ck(τk) = Ck:

= (±1)π
∑

j
[θ(τπj − τ1)〈Cπ1 . . . Cπj . . . C1 . . .〉+ θ(τ1 − τπj )〈. . . C1 . . . Cπj . . . CπN

〉]

Since operators are τ -ordered, the symbol T is introduced in both thermal averages
and the operators are permuted back to the initial order. In doing so, in the first
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sum, the order in the contraction (a c-number is not subject to T) is exchanged,
which amounts to a sign for fermions:

=
∑
j

[±θ(τj − τ1)〈TC1(τ1) . . . Cj(τj) . . .〉+ θ(τ1 − τj)〈TC1(τ1) . . . Cj(τj) . . .〉]

=
∑N

j=2
〈TC1

︷ ︸︸ ︷
(τ1) . . . Cj(τj) . . . CN (τN )〉

�

By linearity, the result extends to any set of one-particle creation and destruction
operators. The non-zero τ -ordered contractions are Green functions up to a sign:

ψ(1)ψ†(2) = 〈Tψ(1)ψ†(2)〉 = −G 0(1, 2)(12)

ψ†(1)ψ(2) = 〈Tψ†(1)ψ(2)〉 = ∓G 0(2, 1)(13)

Theorem 7 (The T-ordered Wick theorem). A τ -ordered correlator for non-interacting
particles is the sum of full τ -ordered contractions.

Example 8. Green functions are combinations of one-particle Green functions.

(−1)2G 0(1234) = 〈Tψ(1)ψ(2)ψ†(4)ψ†(3)〉(14)

= 〈Tψ(1)ψ†(3)〉〈Tψ(2)ψ†(4)〉 ± 〈Tψ(1)ψ†(4)〉〈Tψ(2)ψ†(3)〉
= (−1)2[G 0(13)G 0(24)± G 0(14)G 0(23)]

Example 9.

−D0(x, y) =〈Tδn(x)δn(y)〉 =
∑
µν

〈Tψ†µ(x)ψµ(x)ψ†ν(y)ψν(y)〉conn(15)

=
∑
µν

〈Tψµ(x)ψ†ν(y)〉〈Tψ†µ(x)ψν(y)〉

=±
∑
µν

G 0
µν(x, y)G 0

νµ(y, x)


