WICK THEOREM AT FINITE T

LUCA GUIDO MOLINARI

1. StaTiIC WICK THEOREM

Let Ko = Y, (e, — p)cle,. The “static” Wick theorem evaluates the thermal
average of a product of creation and destruction operators of any state and in any

order
e—BKo

(1..pN) = tr { %...wN]

o (Y11)a...1hn) = 0 if the number of creation operators is not equal to the
number of destruction operators (in particular it is zero if N is odd).

e The m-evolution of ¢, and ¢f. is ¢, (1) = e~ #(&=W7¢, and ¢f (1) = etn (w7l
In particular, with 7 = A8 we obtain the useful relations

(1) Cref,BKO = 6*5(6T*H)€*ﬁKocm CTe*BKo — €+IB(67‘7#)T67'3KOCI_

T

Lemma 1. Let C;...Cn be any choice of N (even) destruction and creation oper-
ators in the set c,., cl.. Then
N

(2) (C1Cy...CNn) =Y (C1C...Ck...Ch)

k=2
I
where the contraction is C1Cy = (C1CY).

Proof. The strategy is to bring C; to the right of Cy by repeated (anti)commutations
(we use the same parenthesis). Then, by the cyclic property of the trace, C; is
brought to the left of e=#%°. By means of the relations (??) C; and the state are
exchanged, to obtain the initial correlator times a factor.
(C1C5...Cn) =(|C1,C5]C5...CN) £ {C2C1C5...C)
= <[Cl, 02]03 R CN> + <02[Cl, 03] e CN> + <CQC301 R CN>

The process continues until we reach Ch:

= ([C1,C5]C5...CNn) £ (C2[Cy,C5]Cy ... Cn) + (CoC5[C1,Cy] ... Cn)
+ <CQC3C4 . [Cl, CN]> + <CQCg . CN01>

The last term is (Cs...CnC1) = eFhle—n) (C1Cy...Cy), where the upper sign
refers to C7 being a destruction operator, and the lower sign for a creator. Then:
1

<ClC2 . e CN> = 71 :F €¥B(€17#)

[<[cl, C5]C5...ON) % oo 4+ (CoCs ... [Ch, CNM
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Now we define the contraction of two operators (a c-number!):

[Cr, Csl=

Ul
) OO = T et

= <CTC'5>

The contraction is extended to the case of p operators between:

1 —
(4) C,Cy...CpCs = (£1)PC,.CsCy ... C,
With this definition, the result follows. O

The non-zero contractions are:

o 5.
(5) s = FRe-mE1 o
57'8
(6) crel Srs(1 1y

s = 1F e—Bler—p) =

Since any operator 1) is a linear combination of operators ¢,, and 9! is a linear
combination of operators ¢, the lemma extends by linearity to generic products of
destruction and creation operators:

N o —
(7) (Y1ipa ... YN) = Z@/ﬂd’z o p YN

k=2

where the non-zero contractions are:

r— i
(8) Plon = Wlvn) vl = (w0l

The lemma gives a sum of terms with a single contraction; each term contains
two less operators. By applying the lemma repeatedly to each term, the reduction
comes to an end. The result is the static Wick theorem:

Theorem 2. The thermal average of an equal number of creation and destruction
operators is the sum on all possible contractions of all pairs in the product. The
contraction of a pair is the thermal average of the pair.

In this variant of the lemma, the pivot Cj is an operator not in first position.

Lemma 3. For N even:

k=1 I N |
(9) (C1...Cn)=) (C1...C;...C...Cn)+ Y (C1...Ck...Cj...Ch)

j=1 j=k+1
Proof. By the KMS property we bring Cj, in first position. Let D; = C;(—kp):
(CleCN> = <Ck...CND1...Dk,1>

N 1 k-1 - 1
= Y (Ck...Cj...CNDy...Dy_1)+ Y (Ci...CyDy...Dj...Dyy)
j=k+1 j=1

N
The first sum is Zj=k+1<C1 +..Cl_1Ck...Cj...Cy). A term in the other sum is:

1 1
<Ck...CND1...Dj...Dk,1>:<Cj+1...ck,1Ck...CND1...Dj>



3

The Q = j—14+N —k operators between Cj, and D; are taken out of the contraction
and the KMS property is used:

—
= (+1)9(C,...Cj_1Cj11...Cr1CLD;Chyy ... Cx)
— —
Note that CyD; = (C,C;(—hB)) = (C;Cy) = C;Cy, by the KMS property. Then:

[
= (£1)9(C,...Cj_1Cjy1 ... Cr_1C;CxChyy ... Cy)
1
= (£)9HP(Cy...C;_105C 41 ... O 1CkChi - .. CN)
where P=N —j+ k — 1. Then P+ Q = 2(N — 1), which is even. |

Example 4. (free fermions)

(aL+qMaL_quapyakH> :<a£+quaku>(ag_qyaw> - (aL+qMapy><aL_qyaku>

=0q,0MkMp — Oy 0q,p—kMkMp
. . . 2
In particular, for the HEG it is: (Uge) = *% ka @%Pnknp.
Example 5. (n,n,) = (cle.clcs) = nyns + (cles)(ercl) = nong + 6,40, (1 £n,.). In
particular:

ﬁ(&-*ﬂ) ]_ a
2\ 2 . e _ Ty
(np) = (nr)” =ne(L£n,) = (eBle—m F£1)2 B e,

2. T-ORDERED WICK THEOREM
With generator Ky the T-evolution of the operators ¢, and ¢/ is a c-factor. We
define the T-ordered contraction of two operators:
———
(10) Cp(1)Cs(7") = (TC,(1)Cs(1))
and extend the definition to the case with p operators between.

Lemma 6.

N /—/\“
(11) <T01(7'1) CN TN Z TCl To (TJ) CN(TN)>

Proof. The action of T is to permute the operators putting times in a decreasing
sequence

(TC1 (1) ...Cn(mn)) = (X)) (Cry (Trry) - - - C1L(T1) .. Cory (Trey )

We apply Lemma ?? of the static Wick theorem, with the notation Cy (%) = C:

= (:l:]_)TrZ[e(Tﬂ.] —T1)<C7r1 ...Cﬂ—j Cl> +9(T1 —Tﬂj)<...Cl ...Cﬂ—j Cﬂ—N>]

J

Since operators are 7-ordered, the symbol T is introduced in both thermal averages
and the operators are permuted back to the initial order. In doing so, in the first
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sum, the order in the contraction (a c-number is not subject to T) is exchanged,
which amounts to a sign for fermions:
— 1

_Zie = T)(TCL(m) ... Ci(r5) ...y + 0(m — 7)(TCL(T1) ... Cy(75) ...)]

*Z (TCy (1) ...Ci(15) ... Cn (7))
0

By linearity, the result extends to any set of one-particle creation and destruction
operators. The non-zero 7-ordered contractions are Green functions up to a sign:
[ ——

(12) P(1)91(2) = (TY(1)9!(2) = -9°(1,2)
(13) DI (D)9(2) = (TYF(1)9(2)) = F9°(2,1)

Theorem 7 (The T-ordered Wick theorem). A 7-ordered correlator for non-interacting
particles is the sum of full T-ordered contractions.

Example 8. Green functions are combinations of one-particle Green functions.
(14) (—1)°%°(1234) = (Ty()9 (29" (4)1(3))
= Ty 3) (T (2)pT(4)) £ (Te()w'(4)(Ty(2)41(3))
= (—1)?[%°(13)%°(24) £ 9°(14)%°(23)]
Example 9.

(15)  =2%(a,y) =(Ton(@)sn(y)) = Y (Tl (@) (@)0] (1)vw (1)) conn

ng

—Z T (@) () (Tl () (v))
=4 Z Y, x)



