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e Duality (an identity for determinants of band matrices)
e Theorem by Demko Moss Smith on inverse of band matrices

e The singular values of a transfer matrix are large/small for large n (with

exp bounds)
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Difference equation & transfer matrix

Crup_1+ Arur + Brug+1 = BPug, ug € C™, k=1...n.
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* Boundary conditions
* Large n asymptotics of u,,



The Lyapunov spectrum

Singular values o1 > ... > o9, (eigenvalues of [T'(E)'T(E)]'/?):

Volume P{T'vy,...,Tv,}
oy = [[APT(E)|| = A
01 O-p H ( )H UTUI’l)}p VOhlme P{Ul, c ey Up}

where P{v1,...,v,} = parallelogram with sides v; € R*™ (linear algebra).

+ng (

If T(F) is the product of n >> 1 random matrices, o, ~ e Oseledec’s

theorem) with Lyapunov exponents Ay independent of the realization. Then:

1
A+ .o+ Ay = lim —In||APT|

n—oo N,

Kunz and Souillard:

A+ A,
m

= /dE’p(E’) In|E — E’| + const.



b.c. and spectrum of a single T'(F)

2B,

Chn

z is eigenvalue of T'(F) [with eigenvector (uq, uy,/z)?]

-

E is eigenvalue of H(z) [with eigenvector (uq,...,u,)!]

Theorem (Duality Molinari 1997)

det|zly,, — T(F)]

(—2)

o det[ElL,,

— H(z)]

det(B1 - - By)




similarity: b.c. < ring geometry
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N. Hatano and D. R. Nelson, Localization transitions in non-Hermitian
quantum mechanics, PRL 77 (1996)
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Figure 1: Left: the complex eigenvalues of a Hatano Nelson tridiagonal matrix
(n = 600, ¢ = 1) with diagonal elements in [—3.5,+3.5]. Real eigenvalues
correspond to states with localization length less than 1/£. Right: same system

with & from 0 to 1, to show the expanding curve.



L. G. Molinari and G. Lacagnina, Disk-annulus transition and localization in
random non-Hermitian tridiagonal matrices, JPA 42 (2009)

egcku/ﬁl + arpur + e_gbkuk_l = Fup, ap,bg,cr € [—1, 1]
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Figure 2: Left: the eigenvalues of a tridiagonal matrix (n = 800, & = 0.5).
Right: n = 100; motion of eigenvalues for ¢ from 0.3 to 0.6. Outer eigenvalues

numerically unaffected before being reached.



Figure 3: 2D Anderson model on lattice (n = 8) x (m = 3), disorder w = 7,
2] = exp1.5. As arg z changes, the 24 eigenvalues trace m = 3 closed loops of

equations |zx(FE)| = |z|.



Transfer matrix and resolvent
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S. Demko, W. F. Moss and P. W. Smith, Decay rates for inverses of band
matrices, Math. Comp. (1984) 43 491-499.
1) Error of best approximation of 1/x on [a, b] by a monic polynomial py

(Chebyshev):
inf sup = C ¢,
Pr € Py x€la,b]

(Vh+va? Vb a
2ab ’ q_\@+\/5

1

- — pi()

C —

2) In block tridiagonal matrix A;;, blocks [px(A)];; = 0 for |¢ — j| > k.

Theorem 0.1. A > 0 s block tridiagonal matriz with blocks m X m,
sp(A) C la,b]. If A=Yi, j] is a matriz element in block (A™1);; then:

A7 i, j)] < C gl




Proof:
[ATi, 4]l = [A7ME, 5] — pr(A)[E, 5]] < AT = pr(A)]]

1 1

X_pk:()‘) X_pk()\)|

— sup
A€sp(A)

< sup
A€la,b]

inf over monic pg is taken. Minimum exists, error gives main inequality. If
i=j: [AT LA < AT = 1/a.
If A block tridiagonal but non positive: A= = AT(AAT)~L,

Theorem 0.2. A is an invertible block tridiagonal matriz, sp(AAT) C |a, b],
let A=1[i, ] be any matriz element in the block (A~1);;. Then:

A i, j]| < ¢ gzl



glt,n]] < €z, gln,1]] < C" g2

Lemma 0.3. If6,...0,, singular values of Th1, then 0, > Kq~™/?
Yoy 077 = tr[(TLTll) Y = tr[B,Blgl, gin] < const¢™ = 0, > Kq—™/2.

Main Theorem 0.1. If g <1 and n > m, T(FE) has singular values
o1 > ... >0 > Kqg? and singular values o1 > ... > Oom < Kq"/2
Interlacing property:

Uk29k20m+k, kzl,...,m

Therefore, at least m singular values of T'(E) are larger than g /2.

Same holds true for T(E)™! (similar to a transfer matriz) = precisely m

—n/2 n/2

singular values of T(E) are larger than q and m are smaller than q



Jensen’s formula and exponents

det (215, — T'(F)] has zeros z1, ..., zom (eigenvalues of T'(F)), and zeros

E1, ..., Enm (eigenvalues of H(z)). Exponents of the transfer matrix:

1
fk :::——]Il‘Zk‘
n

Jensen: f holomorphic with zeros zj in disk of radius r, f(0) # 0, then

2m 0

Proposition:

1
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Sum of positive exponents

One matrix (exact):

27
do 1
&1+ ‘I'fk _ / — In|det[H (") = E]| — —In|det B,
nm n

Anderson model (Kunz Souillard):

M+ ..o+ A,

m

= /dE’p(E’)ln|E’ — E| + const.



