EQUATIONS OF MOTION

LUCA GUIDO MOLINARI

1. Equation of motion of destruction operators

Consider a system of bosons or fermions described by the Hamiltonian H =
Hy + H,, where Hy and Hs are the one and two particle operators

1
(1) Hy =3 hacher,  Hz =5 ) vapcackejcace
ab abed

An arbitrary one-particle basis is used, with correspondent canonical operators ¢,
and ¢!. The matrix elements are ho, = (alh|b) and vapea = (ablv|cd) = Vpade
(exchange symmetry).

The time evolution of a destruction operator, ¢, (t) = cre , solves the
equation of motion ih%c, (t) = e't/"[c, H]e=*H*/" By means of the commutators

ciHt/hp. o—iHL/h

(2) [er, cf ¢p] = OarCh

a

(3) [er, chchCC] = ((5mc;; + 5Tbcl)cdcc

one evaluates [c,, Hi] = Y, hypcp and [c,, Hy| = %Zbcd(UT‘de + vbmd)cgcdcc. First
the dummy indices ¢ and d are exchanged in the second term; next the destruc-
tion operators are exchanged: c.cq = Fcqc.. Then [, Hy] = %Zbcd(vrde +
vbrdc)czcdcc. Because of the exchange symmetry the two matrix elements are equal,
and the final expression is obtained:

(4) ler, H] = Z hrpcy + Z ’Urbch,T,chc
b

bed

An immediate consequence is the useful operator identity:

(5) > cller, H] = Hy + 2H,

T

Another consequence is the equation of motion of a destruction operator:

(6) z’h%cT(t) = zb: hevey(8) + D Vrpealceace) (t)

bed

Exercise 1. Obtain the equation of motion of the creation operator.

Exercise 2. Ewvaluate [cl.cs, H] (it is the starting point for the ”Time-dependent
Hartree-Fock approzimation”).
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2. The ground state energy

Eq.(5) yields an expression for the total energy, due to Galitskii and Migdal.
The expectation value on the exact ground state is

(Hy + 2Hs) = iﬁZ(cI(t)%cr(t» —ih tim S L (@#)en (1)

' —t+ dt
s

Since t' > ¢ a T-ordering can be introduced in the inner product. This allows to
exchange the operators and obtain:

(7) (Hy + 2H,) = ?h% Z Grr(t,t7)

where the one-particle Green function, in a generic basis, is:
(8) G (1) = (Tes (1)l (1)
= 0(t = t'){eo (el (') £ 0(t' — t){c], (t)er (1))

The equation provides the expectation value of the interaction in terms of the one-
particle Green function'. The total energy is Eys = (Hy) + (Ha):

i 0
Ey,s==+- i i — !
) =4 Jim i + ha) Gt t)

In the basis of position and spin, and for an external potential that does not depend
on spin:

i fnln? o vl oo e
Eyq _iZ;/d x {zhat 2mV5+U(m) Grm (2, T't")

Tt =2, t+

Exercise 3. Show that, in presence of space-time translation invariance and spin
independent interaction, the formula (9) simplifies to

Eg (2s+1 Bk dw
g
v 2m)

v o2
where V' is the volume. Evaluate the integrals for the ideal electron gas.

[hw + (k)]G (k,w)e™"

3. Equation of motion of the propagator

Let us evaluate

0 G (,8) = 2 [0t — ) er (0)ch (1)) £ 0 — )L (e (1)]

ot ot
= Bt~ ) {er (e (1) 7 e (e (1)) + TP 1)

= ho(t =)0 —i Y hop(Tep(t)el () =i > vpnea(T (cheace) (t)el (')
b bed

In the last term, the T ordering acts on the triplet as a single operator. To treat
the three operators individually, the ambiguity of equal time is avoided by adding

IThe single particle average is evaluated as usual: (H1) = FiY_,p hat Goa(t, tT).
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infinitesimal time shifts that keep memory of the original order:
(T(cjeace)(B)el (1)) =(Teh(t* Healt eelt)el, ()

T/ T/

=(Tec(t)ealt™)el (t)ch (7))

T

The T product allows to permute operators freely, up to a sign. The ++ and + must
be left in place as far as T is present. The matrix element has been written with
creation operators at the right, to comply with the definition of the two-particle
Green function:

(10) 2Gapealtas ts testa) = (Tea(ta)en(ty)ch(ta)cl (te))

(note the positions of labels ¢ and d). Because of T—ordering;:

(11) Gabcd(ta; tbatcatd> = iCT‘bacd(tbﬂ‘;aytcvtd) =4 Gabdc(ta7tb7tdatc)

The equation of motion of the propagator is obtained:
0
(12) > (ihatém — hrb) G (£, 1) = Ry 0(t — t')
b

+Z Z Urbchcdbr’ (tv t+7 t++a t/)
bed

It is the first of an infinite hierarchy of equations, first obtained by Martin and
Schwinger, which involve higher order Green functions at each step.
In position representation, for spin independent interactions, the equation (12) is:

(13) <ih§t — h(f)) G (B, T't') = RO 03(T — 7)o (¢ — ')

41 Y [y o) G E 5 7

In 4-dimensional notation, with U°(x,2") =: v(%, )6t — t'):
(14) (zhgt - h(a?)) Grm' (2, 2") = hpmd4(x — 2")

+i Z/d4y Uo(x7y)Gmm’/m”m’ (x,y*,y*Jr,x/)

m’!

If the two-particle interaction is absent, the equation of motion does not involve
higher order functions. Let us pause for a while on Green functions of non-
interacting particles.

4. Independent particles

For independent particles the Green function is a generalized function that solves
the equation

(15) [ih0ab0r — hap)Ghe(t, 1) = haed(t — 1)
Its very usefulness appears in the solution of the inhomogeneous equation

[ihdab0r — hab) fo(t) = ga(t)
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with unknown f,(t) and assigned source g,(t). The general solution is the sum of
the general solution of the homogeneus equation fY(t) and a particular solution.
The latter can be generated through the Green function:

Falt) = 52(0) + 1 [ dGEEO0)

It must be noted that (15) does not have a unique solution (we have the freedom
to add a solution of the homogeneous problem). This is better seen in frequency
space, where (15) is: [hwdap — hap)Gh.(w) = hdae,. which is the basis-projected
equation for the resolvent operator:

[hwl — h] GO(w) = Al

with G9, (w) = (a|G°(w)|b). The solution is well defined for w € C/o(h).
The Fourier integral of G2, (w) back to GY, (¢,t') runs on the real axis. The poles and
cuts (i.e. the real spectrum of the single particle Hamiltonian h) has to be shifted
off the real axis by an infinitesimal amount. This can be done in various ways, that
lead to Green functions that differ by solutions of the homogeneous equation. The
most useful ones are the retarded and the time-ordered Green functions.

4.1. The retarded Green function. In the retarded Green function the whole
spectrum of A is shifted by an infinitesimal amount into the lower half-plane of the
w—plane:

{a|n)(nlb)

W — Wy +11

(16) Gor(w) = {al(w — h/h+in)~Hb) =

n

where h|n) = fiw,|n), and we neglect the continuum. In passing we note that the
imaginary part of the diagonal matrix elements in the position basis give the local
density of states:

(17) —%Im GOR(E, 7w) = 3 (@) 8w — wn)

The trace (which is basis-independent) is the density of states of the Hamiltonian.
Since the retarded Green function is analytic in the upper half plane, its Fourier
transform to the time variables is zero for ¢’ > ¢, by the residue theorem,

oo dw —dw(t—t’
Gttty = [ Gre G )
= —ift—1t)Y_ e = aln)(n|p)
= —i6(t—1") (alU(t¢')[b)

This feature is of great importance in physics as it expresses causality: the particular
solution

fﬁw:/ae%mw%w>

only depends on the values g(¢') at ¢ < t.
In a many body system, the retarded Green function is the expectation value of the



EQUATIONS OF MOTION 5

commutator (bosons) or anticommutator (fermions) at unequal times (the definition
holds also for interacting systems):

(18) IGH(L 1) = 0 =) (gs] [ca(t).c}(t)]_los)

Exercise 4. Fuvaluate the retarded Green function for free particles (the result does
not depend on statistics)

d3]f - . ’
SRz g2 gl / k(Z—%)— t—t
iG (x,t,x,t)_e(t_t)/wez (=7 ) —iwp (t—t")

N[ om o ] 7 - 7P
:_e(t_t)[%h(t—t’)} P [_Zzh t—t }

4.2. The time-ordered Green function - fermions. In the time ordered Green
function a reference Fermi frequency divides the spectrum into a portion that gains
a positive imaginary part and another that gains a negative imaginary correction:

(19) SADEDY {aln){nb)

— W — wy + insign(w — wr)

If states are ordered according to increasing frequencies, wg is the highest frequency
available for N fermions in the ground state.
The Fourier transform to time variables is (in position basis)

(20) iGYT(#,4,7,1) Ze (=t (F|n) (n|Z')

[9(75 —t)0(w —wp) — Ot —t)0(wr — w)]

for ¢ > t’ the propagation involves energy states above the Fermi frequency (particle
excitations), for ¢t < t' it involves states below the Fermi frequency (hole excita-
tions).

By means of the unperturbed (time ordered) Green function, the equation of
motion for the one particle Green function can be written in integral form:

G (z,2") = G2/ (2,2) +f Z /d4 dty’

(21) G?nm”’(a:7y )Uo(y vy)Gm”’m”m”m (y y+ y++ -73/)

The equation G = G° + G°UYG, can be compared with the Dyson equation for
the proper self-energy, G = G° + GYS*G, to express the self energy in terms of G4
(repeated indices are summed or integrated):

N 1
(22) me”(xvy)G'rn”m’ (y,a:’) = ﬁUo(may)Gmm”m”m (.13 y+ y++ 33/)

5. Hartree Fock approximation

The two-particle Green function admits a decomposition into connected compo-
nents:

(23) Gabcd(tm tbv tc, td)
= Gac(ta; t )de(tba td) =+ Gad(taa td)Gbc(tba ) + Gabcd(tav tbv tca td)
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One of the several equivalent ways to perform the Hartree Fock approximation is to
neglect completely the connected part of the two particle Green function, meaning
that the two particles evolve independently. This truncates the Martin-Schwinger
hierarchy of equations at the first level. In the equation of motion (13) for the one
particle Green function we approximate:

Gmm”m”m’ (ftv gt+7 gt++a flt/)
~ G (G, T )G (T, GET) £ Gt (G, Gt ) Gy (3, T'H)

Then (13) becomes a closed quadratic equation for the propagator in HF approxi-
mation:

d ~ - 7.9)
(lhdt - h(.f[])) Gmm/ (xtg xlt/) 5mm’53(x - x t - t + Z Z / d3yU ZL' y

m’’

X [Gm//m/ (yt T t )Gmm// (I’t yt+) + Gm//m// (yt yt+)Gmm/ (.’L’t, x t,)]

Since +i >, G (Gt, G¢T) = n(y), we obtain the Hartree interaction with HF
density

U (&) = / @y v(E, §)n"F ()

The equation of motion is

<ih(;lt — h(Z) — UH(:T:)) GHE (#t, &) = WO pmm:63(F — &)0(t — 1)

+i Z/d3y ’U m”m’(yt I)Gmm” (ft?gt+)

In w space:
[hw — W(&) — Uy (Z)] GHF,(;T:’ T, w) = Wb 03(Z — ')
dw’
d3 — —» - = GHF// - ﬂ]w
+i ) / y v(Z,7) (ymc,uJ)/*27r mm (T, 7, W' )e

m'’

To solve the equation we assume a spectral representation typical of independent
particles

- =/ 1\ *
(24) Gl (3, 0) = 3 el T T 70
W — wg + insign (w, — wrg)

with unknown orthonormal functions u, and real frequencies wy.
Insert the representation in the equation for G, multiply by u,(#', m’) and integrate
in Z and sum on m/, Because of orthogonality:

. o ua(@m) .
[m-h(x)—UH(x)]w waﬂ:iﬂ = hug (%, m)
+ZZ/d3yvfgj tafm) /d“’ GHE (&, §,w')e™

—waxim ) 2n ™™

m’’

Here Uy is evaluated with

P@) = 303 un(@ m)P(wr — w).
b m
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The integral in w’ is evaluated by residues and gives: i ), uy(Z, m)uy (7, m")*0(wp—
wp). Next, the limit w — w, is taken, and the system of Hartree-Fock equations is
obtained:

(25) (%) + Unt (£)] ua(Z,m) — > 0w — wp)up(,m)

b,m’’
8 /d3y ’U(fa g) ua(gv mll)ub(g’ m//)* = hwaua(‘f’ m)

The spin dependence may be chosen to factorize (then it is a quantum number):
Ug,o (T, m) = foo(Z)ve(m). Then: Y, vo(m" ) vy (m") = d5q and

8) + V() ur ()~ 30— ) ) [ 905 faali) oo 5

= hwafao’ (f)
If the Hartree Fock approximation is done in eq.(22), one reads the HF approxima-
tion for the self energy:
E:nm (JZ,J? ) *Ggf; ($,$/+)UO($,$,)
(26) + h5mm/54 X — .’E Z / d4y UO SC y)Gm//m// (y y )
m//
Therefore, we obtained another characterization of the Hartree Fock approximation:
the HF self-energy is provided by the two self energy graphs of first order expansion,
with the self-consistent G*" replacing G°.
An important remark is that the Hartree-Fock self-energy is independent of time.

Exercise 5. Evaluate the HF self-energy (26), by using the expansion (24) with
functions that factorize.

Exercise 6. Show that the HF self-energy ¥*(k) for fermions with only two-body
interaction v(|Z — ¢|) coincides with the correction to the energy of a free fermion.

Exercise 7. Show that the self energy may be viewed as a bilocal potential in HF
equations:

(Zhjt - h(f)) Ug (TM) hZ/dS?szm' T ug (F'm') = hwaua(Tm)

m’



