GREEN FUNCTIONS

LUCA GUIDO MOLINARI

1. THE PROPAGATOR

In quantum mechanics, the time evolution in Hilbert space ¢ is assigned by
a family of unitary operators (named propagator) | (t)) = U(t,t')|y(t')), with the
natural property

(1) Ut Ut t") = U(t,t")

and strong continuity in both time-arguments!. Note that U(t,t) = 1, U(t,t')} =
U(t',t). If 0 is a fixed reference time, the following factorization provides the full
propagator: U(t,t') = U(t, U (¥, ).

A derivative in ¢ of (1) and right multiplication by U(t”,t) gives

U, U, t) = [0, U(t, U (", t)

which shows that [0:U(t,t")]U(¢',t) is independent of #'. Next, the derivative of
U(t,t"U(t',t) = 1 shows that ih[0,U(t,t)]U (¢, t) is self-adjoint and has the dimen-
sion of energy. Let’s name the operator H(t) (the Hamiltonian). The Schridinger
equation follows:

(2)

with initial condition U(#',¢') = I.

e The time-evolution is stationary if U(t 4 s,¢' + s) = U(¢,t') for all s,¢,t'. The
Hamiltonian is time-independent and U (t,s) = e~ # (=),

e The time-evolution is periodic with period 7, if U(t + 7,¢' + 7) = U(¢,¢') for
all ¢,¢'. The Floguet operator U(r,0) and U(t,0) with 0 < ¢ < 7 reconstruct the
whole propagator. The representation U(r,0) = exp(—iET) defines the self-adjoint

quasi-energy operator E, as important as H in stationary systems.

iho U (t,t') = H(t)U(t, 1)

2. SOME OPERATOR. IDENTITIES

A system of bosons or fermions is described by the Hamiltonian H = H; + Ho,
where H; and H, are the one and two particle operators

(3) Hy = hacles,  Hy=1% vapeachc)cace

ab abed
An arbitrary one-particle basis is used, with corresponding canonical operators c,
and ¢!. The matrix elements are ho, = (alh|b) and vapeqa = (ablv|cd) = Vpade
(invariance for exchange of particles). The ground state of H is |gs).
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The Heisenberg time-evolution of an operator governed by H is Oy (t) = e*Ht/h Qe HL/,
It solves the equation of motion

d , .
(4) ih—On(t) = MO, Hle tHYR,
Let us evaluate [c,, H]. By means of the commutators
(5) [cr, chep]) = Barcy
(6) [er, chchcC] = (6,.,10; + 57.bcg)cdcc
we obtain [c,, Hi] = Y, hrpepy and [¢,, Ho] = % Y bed(Urbea £ vbmd)clcdcc. The
indices ¢ and d are exchanged in the second term; next the destruction operators
are exchanged: c.cq = £cqc.. Then [c¢., Hy] = %Zbcd(”rbcd + vbrdc)clcdcc. Since
(ablv|ed) = (balv|dc), the final expression is obtained:
(7) [CT') H] = Z hrbcb + Z Urbcdcl];cdcc

b bed
The following algebraic identities are useful, and simple to obtain:
(8) > cller, H] = Hy + 2H,
9) [cl, H] = — Z l har — Zvabmclc;rcc
a abe
d

(10) ih—cn(t) = Xb: hrocy(t) + bz; Urbea(cheace)(t)

3. The time-ordered Green function

Let us introduce the symbol T of time-ordering of operators. Its action on a
product of creation/destruction operators of any set of states (we use a letter A),
at different times of Heisenberg evolution with the Hamiltonian H, is to reorder
them with times decreasing from left to right:

1) TA(t) . An(y) = (E1)7 Ay (to)) oo Aoy (tor)y  toy > > Loy

o is the permutation that produces the time-ordered product: +1 for boson statis-
tics, or 1 for Fermi statistics, according to the number of exchanges in o being
even or odd.

The definition implies that creation/destruction operators may be permuted under
the symbol of T-ordering, up to a sign:

(12) TA(t) .. An(ty) = (£1)7T Ao, (tg,) .. Apy (ten)

The action of T on a product of generic operators written in second quantization
and at different times, is defined by linearity.
The 1-particle time-ordered Green function is:

(13) iGrpe (t,1') = (gs[Ter(t)el (¢)]gs)
If the action of T and the Heisenberg evolution are written explicitly, it is:
iGrpr (t,8) = 0(t —)e™ 7 P01 (gs|e, U (¢ — #)cl, |gs)
+0(t' —t)e 7P (gl el U — t)e,|gs)
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where + is for bosons, and — for fermions.

The interpretation is simple. If ¢ > ¢/, the matrix element (gs|c,U(t — t')cl, |gs)
is the projetion of the state ci,|g5> propagated in time ¢ — ¢/, on the state cf|gs).
States are not normalized: ||cf|gs)||? = (gs|c.cl|gs) = 1 £ n,. If the normalization
is taken into account and if, for fermions, n, < 1 and n,» < 1,

iz Hgsle U —t)el,|gs)|?
|G (8,87 =
’ (1£n,)(1£n.)

is the probability that a particle created in a state r’, is observed in a state r after
a time t — ¢/, indistiguishable from the particles in the ground state.

The time-ordered Green function depends on the difference ¢t — ¢’ and is discon-
tinuous at t — ¢ = 0:

iGr,r’ (tJrv t) - iGr,r’ (tiv t) :<95|Cr(t)ci’ (t) + Ci/ (t)cr(t)|gs>

=(gslercl, F clierlgs) = (r|r)

It is advantageous to Fourier transform to frequency space:

+oo d ‘ )
(14) G (t,t) = / %Gr,r’ (w)e =t

With the knowledge of the Green function, the ground-state average of any 1-
particle operator may be evaluated:

(gsleleslgs) = (gslel(tT)es(t)lgs) = (gs|Tel(tF)es(t)lgs) = £iGar (t,1)

— 00

(15) (0) =£iy  OpsGur(t,t?)

For example, the ground-state average of the density of particles with spin m is:

nm(X7 t) = <95|¢$@(X)¢mx)\93> = +iGmm (X’ 2. t+>
[ dw

(16) =4 %Gmm(x, X, w)en

4. GREEN FUNCTION OF NON-INTERACTING FERMIONS

Consider the Hamiltonian of non-interacting particles H® = > hw,clc,. This
diagonal form results if the operators refer to the eigenstates of the single particle
Hamiltonian hu, = hw,u,. States are ordered in increasing energy, fiw; < hws < ...
For N particles the Fermi energy is that of the highest occupied state ep = hwp.

The time evolutions are simple:

ca(t) = e ™alc,, cl(t) = e watcl

One evaluates:
1G e (%, 5% 1) = (x, mla)(alx’,m') (gs[Tea(t)el, ()] gs)

=Y _(x;mla) e alx’,m)
(17) X [0t —t)0(wy —wr) — Ot —)0(wr — wy)]

d . ’
=i 2—wG9nm/ (x,x', w)e @ t=t)
m
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The identification of the Fourier transform requires the insertion of the Fourier
expansions of the temporal theta functions,

dew efzw(tft')

ot —t') =

o w+1n

After shifts of variables the result is:

18)  C(w) = 3 (mla) (alxdm) [

a

0w — wr) n O(wr — wq)

W—We +1N W—wg—1n

For the ideal gas of fermions |a) = [km). One finds G°,_,(k,w) = dpmm G°(k,w),

0w, —wr)  O(wp —wi)

Ww—wE+1n  w—wi—1in
1

W — wy, + insign(wy, — wr)

(19) GOk, w) =

(20)

where hwy, = h2k? /2m.
5. The ground state energy

The operator identity eq.(8) yields an expression for the total energy, due to
Galitskii and Migdal.
First evolve the terms in time: > cl(¢)[c,(t), H] = Hi(t)+2H2(t) and use [c,(t), H] =
ihé,(t). Next take the expectation value on the exact ground state:

d
(gs|H1(t)+2Hs(t)|gs) = Zﬁz gslel(t) -er(t)lgs) = ih lim Z (gslel(t)ex(t)]gs)
For a single operator it is (gs|O(t)|gs) = <gs|e+ﬁHtOe*ﬁHt|gs> = (gs]|O|gs):
(sl +28lgs) = i iy 37 e () (Do)

If # > t* a T-ordering can be introduced in the inner product without any change.
This allows to exchange the operators and obtain'

(gs|Hy + 2H>s|gs) = $h h im = ZGTT (t,t")

The equation provides the expectation value of the 2—partlcle operator Hs in terms
of the 1-particle Green function®. The total energy is Egs = (H;) + (Hs):

(21) Eos = ++ lim {maab 0

he (T
2 ¢/t — ot + b] Gia(t, 1)

In frequency space:
. +OO
i dw ,
= 4+ - iwn
(22) Egs = i2 zb: /_Oo - [hwdap + hab) Gre(w)e
a
In the basis of position and spin, and for a potential that does not depend on spin:

Egs = +- Z/d?’ [ hoe = E—VQ +U(x )} G (xt, X't')

(% t")=(x,tt)

2The single particle average is: (H1) = Fi>_,; hapGpa(t, t1).
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In presence of translation invariance and spin independent interaction, the formula

simplifies to
Egs " (2s+1) / d3k dw
Vo 2 (2m)4

where V is the volume.

[hw + €(k)]G(k, w)e™n

6. Equation of motion of the propagator

Let us evaluate

G (1) = B[00 = 1) en ()b (1) 2 0 — 1) (el (e (1)]
= B8t 1) (e () F € (E)er (1)) + B(T dc;,f“ci«t'»

= ho(t — t/ Vo — i Z hov(Tep(t I, —1 Z Vrped (T Cbcdcc)(t) I’(t/»

b bed

0
Z {5,«5171(,% — h,-b:| Gy (t, t/) =ho(t — t Oppr — @ Zvrbcd cbcdcc)(t) I/(t/»

b bed

In the last term, the T ordering acts on the triplet as a single operator at time t.
To treat the three operators individually, the ambiguity of equal time is avoided by
adding infinitesimal time shifts that keep memory of the original order:

(T(cheace) (el (t)) =(Teh () ca(tF)ce(t)el, (#))
=(Teo(t)ea(t)el, () (1))

Inside a T product the operators may be permuted, up to a sign. The +4 and +
must be left in place as far as T is present. The matrix element has been written
with creation operators at the right, to comply with the definition of the two-particle
Green function:

(23) Gapea(tas to, te, ta) = (Tea(ta)n(ty)ch(ta)ch(te))
(note the positions of labels ¢ and d). Because of T—ordering:

(24) Gabcd(t(z; tb? t(!v td) = :I: Gbacd(tb7 taa tC? td) = :t Gabdc(tav tb7 td? t(:)

The equation of motion of the propagator is obtained:
(25) D (11,00 — hy) G (1) = 1y 6(t =) +i Y VypeaGeaver (147,475,
b bed

It is the first equation in an infinite hierarchy, obtained by Martin and Schwinger,
where each step involves higher order Green functions.
In the position representation, for spin-independent interactions, the equation is:

(26) (1hdy — h(x)) Gy (xt, X't') = By 03(x — x")o(t — 1)

+iy / Ay v(X,5) G (xt, yt 7yt Xt

If the particles do not interact, the equation of motion does not involve the 2-particle
Green function. Let us pause for a while on Green functions of non-interacting
particles.
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7. Independent particles
For non-interacting particles the Green function is a distribution solving
(27) (6a03h0y — hap)Ghe(t, 1) = hacd(t —t')

The equation does not have a unique solution, as one may add a solution of the
homogeneous problem. In frequency space it is (iwdap — hap) G (w) = hdge, which
is recognized as the basis-projected equation for the resolvent operator:

(hw —h)G°(w) = h
with G9,(w) = (a|G®(w)|b). The resolvent G°(w) = (w— +

the spectrum of h. By assuming a discrete spectrum for h

ng(w) _ Z <a‘|]><.7|b>

1.,
W—ESJ

)~ exists for Aw not in

J
To make sense of the Fourier integral for GO, (¢,t') one shifts poles (and cuts) off
the real axis by infinitesimal amounts. This can be done in various ways, leading
to Green functions that differ by solutions of the homogeneous equation. The most
useful ones are the retarded and the time-ordered Green functions.
The retarded Green function The whole spectrum of h is shifted to the lower
half of the w—plane by an infinitesimal amount:

0R . {al7)(41b)
(28) =3 T

In passing we note that the imaginary part of the diagonal matrix elements give
the weighted density of states:

(29) G W) = Y [(al) o — he)

™

The trace (which is basis-independent) is the density of states of the Hamiltonian:
1
——Imtr G*®(w) = 5w — Le;
—Imtr (w) Ej (w—3¢5)

Consider the inhomogeneous equation [¢h04,0; — hap] f5(t) = ga(t) with unknown
functions f,(t) and assigned sources g,(t). The general solution can be obtained
with the aid of the Green function:

£alt) = 1200+ 5 [ @S2 Gt )an(t)

where fO(t) solves the homogeneus equation.
Since the retarded Green function is analytic in the upper half plane, its Fourier
transform to the time variables is zero for ¢’ > ¢, by the residue theorem,

+oo d ) ,
GOR (1) = / 0 —it=1) GR ()

oo 2m

= —ift—t)Y e = aln)(n|b)

n

= —i0(t—t) (a|U(t,t')|b)
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This feature is of great importance in physics as it expresses causality: the particular
solution

FE(t) = / dEGOE(L, 1) go(t)

only depends on the values of the source g(t') at earlier times ¢’ < t.

In a many body system, the retarded Green function is the expectation value
of the commutator (bosons) or anticommutator (fermions) at unequal times. The
definition holds also for interacting systems:

(30) IGH(L1) = 0 =) (gs] [ea(t).c}(t)] _los)

Exercise 1. Evaluate the retarded Green function for free particles GOF(x,t;x' )
(the result does not depend on statistics).

The time-ordered Green function - fermions. In the time ordered Green
function the Fermi frequency divides the spectrum into a portion that gains a
positive imaginary part and another that gains a negative imaginary correction:

(31) Gl (w) =Y (afu;)(u;[b)

—w-— +€; +insign(e; — ep)

If states are ordered according to increasing energies, ep is the highest energy
available for N fermions in the ground state.
The Fourier transform to time variables is (in position-spin basis)

(82) G (X ) =Y e R ey (X m)
J
x [0t —t)0(e; —er) — O(t' — t)0(ep — €)]

for t > ¢’ the propagation involves energy states above the Fermi energy (particle
excitations), for ¢ < ¢’ it involves states below the Fermi energy (hole excitations).



