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PRELIMINARY NOTES BY L. G. MOLINARI

Measurements of T, of isotopes of Mercury led independently, in 1950, Emanuel
Maxwell and the group of Reynolds to discover the isotope effect: T, ~ M~1/2,
where M is the ionic mass. The discovery was crucial, showing that phonons are
relevant in superconductivity. Soon after John Bardeen published a note [1], and
Herbert Frohlich [2] a paper he was working on.

The interaction of two electrons mediated by a phonon exchange is
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with the Debye cutoff. In the narrow energy shell |¢ — ep| < hwp the interaction is
attractive. Since at low T the electronic properties are precisely determined by the
particles in the energy shell of width ~ kT near the Fermi surface, this feature is
important.

O(wp —vs k)

. at that time, it appeared that the main problem of the microscopic theory was
to show how electron-phonon interactions might yield an energy gap.
That electron-phonon interactions lead to an effective attractive interaction between
electrons by exchange of virtual phonons was shown by Fréhlich by use of field-
theoretic techniques. His analysis was extended by Pines and myself to include
Coulomb interactions. In second order, there is an effective interaction between
the quasi-particle excitations of the normal state which is the sum of the attractive
phonon-induced interaction and a screened Coulomb interaction ...

The next major step was made by Cooper, who, following up this approach,
showed that if there is an effective attractive interaction, a pair of quasi-particles
above the Fermi sea will form a bound state no matter how weak the interaction.
If the binding energy is of the order of kT, the size of the pair wave function is of
the order of 107° to 10™% em. This calculation showed definitely that, in the pres-
ence of attractive interactions, the Fermi sea which describes the ground state of
the normal metal is unstable against the formation of such bound pairs. However,
one could not use this calculation immediately to construct a theory of superconduc-
tivity. If all of the electrons within ~ kT, of the Fermi surface form such bound
pairs, the spacing between the pairs would be only 10=%cm, a distance much smaller
than the size of a pair. Because of the considerable overlap between the pairs, and
because of the exclusion principle and required anti-symmetry of the wave functions,
they cannot be regarded as moving independently. Thus, the picture proposed ear-
lier by Schafroth (1955), and developed more completely in cooperation with Butler
and Blatt of electron pairs as “localized entities (pseudo-molecules) whose center-of-
gravity motion is essentially undisturbed”, and which at low temperatures undergo
an Finstein—-Bose condensation is not valid. New methods were required to con-
struct a theory of superconductivity, and this was first accomplished by the joint

Date: 2017, revised dec 2023.



2 BCS
efforts of Cooper, Schrieffer, and myself. (J. Bardeen [4])

In 1954 Max Robert Schafroth made the hypothesis that electrons bind in
charged pairs in space, that undergo Bose-Einstein condensation [3].

In 1956, Leon Cooper showed that two electrons with an attractive potential in a
shell (ep, €7 4+ Awp) in momentum space, in presence of electrons that fill the Fermi
sphere, can form a bound state [5]. Such Cooper pair has zero total momentum and
spin, and a binding energy of the expected size A ~ kgTc.

In momentum space, the eigenfunctions of H = 7 (pf + p3) + U have the form

1 ; x
Y(x1w1, Xawz) = Vzklkf(kl,kz)el(kl'xﬁh 2 Xem. (w1, w2)
with |k;| > kp (the states in the Fermi sphere are unavailable). The function c is
symmetric for the exchange of k1 and ko for s = 0 (singlet) and antisymmetric for
s =1 (triplet).
The center of mass has zero kinetic energy if ky + ko = 0. With this choice that
lowers the energy, the eigenvalue equation for ¢(k) = e¢(k, —k) is
h2k2 / / / /

—c(k) + Zk/<k, —k|UK, —K)e(k') = Ec(k), [K|>kp

The matrix element is supposed to be —g/V if both momenta are in the energy
shell T'={k: ep < ex < €r + hwp}. To take advantage only of the attractive part
of the interaction, ¢(k) is chosen to vanish outside T.

(E - hz’“Q) o) =L 3 (k)

m
kel

The sum in r.h.s. is a constant —gC'"

C

c(k) = —gm

where ¢}, = h%k?/2m. A self-consistency condition arises by summing both sides on
k € I'. C cancels and an equation for the energy E of the bound state is obtained:

1 / dk 1 / p(€)
—— = —— = [ de
g r (2m)3 E — 2¢;, r F—2e

p(€) is the density of states for free electrons per spin component and unit volume.
Since hwp < €p, the density is nearly constant in I' and is taken out

=- =1
E—2 2% |[E—2e] 2 %A

1 /eme de 1. |E—2p—2hwp| 1. A+hwp
gper)  Jep
where A is the binding energy of the pair: E = 2ep — A.

It is: A = (A4 2hwp) exp(—2/prg). Because of the exponential factor it is A <
hwp. The non-perturbative formula is obtained:

(2) A = 2hwp exp (— p(i)!)
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According to the microscopic theory ¢ is the square of the electron-phonon coupling.
For the electron gas p(ep) = 3n/ep,where n is the density of electrons and ep is
the Fermi energy®.

The Cooper pair is destroyed at thermal energy kT, =~ A < kgTp.
The wave-function of the Cooper pair is a spin-singlet (s=0) and, with r = x3 — x2

dk elkr
P(r) /1‘ (27)3 2ep — A — 2¢p,

The size of a Cooper pair is estimated in momentum space through the integral
(r2) Jr dk c(k)(—=h2V2e) (k)
fF dk c(k)?

The square root gives a size much larger than lattice spacing: r/ag = (Tr/T.) ~
10*. This feature makes microscopic details of many (type I) superconductors
irrelevant and a mean field description possible.

1. THE BCS HAMILTONIAN

The BCS theory? (1957) is a many-electron model, characterized by the at-
tractive interaction that arises in the static limit of the phonon exchange (1)
UY = —gd§(x — x'), which captures the essence [6].

In working out the properties of our simplified model and comparing with experi-
mental results on real metals, we were continually amazed at the excellent agreement
obtained. If there was serious discrepancy, it was usually found on rechecking that
an error was made in the calculations. Everything fitted together neatly like the
pieces of a jigsaw puzzle ... [4].

The theory is here presented in the matrix formulation by Nambu [11].
~ ~ ~ ~ ~ g S ~ ~ ~ ~ ~ ~ ~
@ K= [ (Bl + Glhad, — SGGd + 3]0l

where k; = 5 (p + £A)? + U(x) — 11 and the Debye cut-off is understood for the
attractive interaction. . . o
An integration by parts and an anticommutation bring 1@/{1@/% to —wkawl up to

a constant®. In the quartic interaction the two spin configurations are equivalent:
Il by = e,

1f Zc is the number of conducting electrons per ion, M; is the ionic mass, me is the electron
mass (mp/me = 1836), vp is the Fermi velocity and v; is the speed of sound, it is

plep)g =21 (E)z

6 M; \ vs

Al: vs = 6320m/s, vp = 2.02 x 105m/s, M = 27my, 2. = 3, prg = 1.030.
Sn: vs = 3320m/s, vp = 1.90 X 106m/s, M = 118my, zc = 4, prg = 1.0078. These values in the
formula give a factor around 0.13.

2At the time, Leon Cooper and Robert Schrieffer were respectively post-doc and graduate
student of John Bardeen. Read the nice historical account by Hoddeson [13]

3The operators kg and k. differ by the sign of the term linear in p, if any.
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The interaction is simplified as in Hartree-Fock theory, by replacmg pall"ﬁ of creation
and destruction operators with their mean values, Qpiz/JTl/JTz/u ~ (z/)iz/JTﬁpﬂm +

1/) in <1/JT1/J 1)- This is reminiscent of Cooper pairs, and introduces a complex field

(4) A(z) = —g(ih (), ()

It is an order parameter for superconductivity, and will be shown to be proportional
to the Ginzburg-Landau field. The thermal average is calculated with the effective
Hamiltonian, that no longer conserves the number of electrons

Rucs = [ dx [~iRudl+ 9k, + By +d[dlA

The effective Hamiltonian is written in the matrix form:

6 Rines = [ (), 1) ()

T [k AX) _ | dux)
(6) Wit = [d](0), dhyx)], K. = [ A & ] W) = [ ) ]
The components of ¥ and ¥T anticommute (note that (¥,)" = (¥T),):
(7) {\IIT(X>7 \IJZ(Y)} = 6r553<x - Y)’ {\I/Ta “I/s} = {\III’ \Ifl} =0.

As the effective Hamiltonian is quadratic in the fields, the model can be solved
as a theory of independent particles, with the self-consistent gap equation eq.(4).
Two equivalent approaches to solution are presented:

e Green functions (Gorkov, 1958 [9] adapted in Nambu’s matrix formalism);

e Canonical transformation (de Gennes). The operator K, is diagonalized, and
canonical operators adapted to the new basis replace the field operators. It gen-
eralises the canonical transformation for homogeneous systems by Bogoliubov and
Valatin (1958).

2. THE NAMBU - GORKOV THEORY

There are advantages in studying the BCS model with the Green function formal-
ism. The imaginary time evolution of operators is O(1) = e™%/"Oe~"K/"  where
K is the effective hamiltonian (5). The equation of motion of ¥(x,7) is:

6 _ %T]A( _ETK
_hE\IIT(X,T) =e [\IIT(X) K]e
:e%‘rk/Xm[\Ijr(X)v\PZ/(X/)(KS/S\PS)(X )]6 hTK
b [ a0, 00, W] () W (e H R

=(K,sUs)(x,7)

Let us introduce the thermal Nambu propagator

(8) ~G(z,2') = (T (2)¥'(2"))
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It is a matrix with components
Glaa) = — | (TU@UE) (Toy@yin(@) | { G(v,a))  F(x,a))
’ (Tui@)w](@)) (TYl(@)r(a) Fi(ea) 9 2)

Note the sign and the exchange of x and 2’ in one component. The correlators .#
and .Z' are named anomalous and vanish in the normal phase. In particular:

(9) Ax) = —gF (2,27

The equation of motion of the Nambu propagator,

(10) [haaT + Kz} G(x,2") = —hds(z — 2') Iy

simplifies in Matsubara (odd) frequency space:

I _ o
A(x) —ihwn—kx]G(x’X’w”)_ s (x — %) I

by | G(x, X iwy) F(x,%,iwy,)
(12) G, i) = [ FH(x, % iwn)  —9(x,x, —iwy)
When A =0, eq.(10) is solved by the normal Nambu propagator
N | G(z,2)) 0
Guloa) = | F0 0

The normal solution is used to transform (10) into a Dyson equation (integration
of repeated variables is implicit):

A0
In BCS theory the self-energy D is local and time-independent. The BCS description

was found inadeguate for elements like Pb, and a microscopic model with the full
phonon-electron interaction was considered. The Dyson equation becomes

(14) G(z,y) = Gu(z,y) + G, (z,2")S(2’, 2")G(2" , y).

where now S is a bi-local proper self-energy matrix. The 1-phonon exchange dia-
gram S(z,y) = —+G(z,y)U%x — y) is the basis of the strong-coupling theory by
Eliashberg (see the handbook by Zakoskin [14]).

(13) G(ﬂﬁvy):Gn(l‘,y)+%Gn(x,x’)D(x')G(x’,y), D(x) = { 0 A}

The homogeneous solution. In k-space the equation of motion (11) for the
Nambu propagator is algebraic

thw, — &k —A . .
X ihw + & } G(k;iw,) = hly
with &, = € — p. The solution is obtained by matrix inversion:
i) — —h ihwn + &k A
(15) G(k;iwy,) = P+ 21 ]AP { x i — &

The normal and anomalous propagators are obtained:

. thwy, + & |ug|? vx|?
G (k,iwn) = —h =- :
(k, fwon) W262 + B2 iwn — (Eg/h) | iwn + (Ex/h)
A UrVk UV

F (k, iwy) W2wZ + B2 iwp, — (Bx/h)  iwn + (Bx/h)
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FIGURE 1. The parameters |ug|? and |vgx|? as functions of & for
Al =0.1.
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(17) B =1/&+|A]2

E}, is the excitation energy of a single electron, with minimum value |A|. To break
a Cooper pair, two electrons must be excited. Therefore the minimal excitation
energy of a superconductor is 2|A|.

This existence of an energy gap at the Fermi energy is an important result of the
BCS theory. It is an energy interval depleted of states (see Fig.2). Its presence
explains many properties of superconductors such as:

- exponential suppression of specific heat at T << T,;

- absence of absorption of infrared light with hw < 2A;

- tunneling in n-s or s-s junctions (Giavaert, 1960). It provides a direct measure of
the gap as the jump of the voltage versus tunneling current.

In the normal phase Ey = |&|; then |ug| = 0(ex — p), |vg] = 6(1 — €x) and the
normal thermal Green function results.

The spectral density of the superconducting phase
ps(BE) = |un|*6(E — Ey,) + |vi[*6(E + Ex)
k

(use the approximation |A| < u) clearly shows a sharp energy gap of width 2A
centred at the chemical potential.

LB N EL B 1-E i< B<-A

ps(E) —A<E<A

0
(18) P E—\/WF E+\/W\/7 A<E<p

2«/1"‘; /l<E

Near the gap ps(F) ~ 2po|E|/VE? — AZ.
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FIGURE 2. The spectral density ps(F), where E = 0 at the chem-
ical potential. The thin line is p(F)/p(0) = /E + u of the normal
phase; the gap 2A is centred on the chemical potential (unrealistic
parameters are here used, u = 20, A = 0.6)

The average number of electrons in a state (k,o) is

1 1 1 E
(19) "k;wzn:%(k7iwn)22g;t un (7%

For T' = 0 it coincides with 'u,%, that differs from the Fermi distribution in an inter-
val 2A(0) centred in & = 0.

3. THE GAP EQUATION
The gap parameter A(T) is given by the gap equation, where .% is known:

TWn 1M

(20) F (k,iwy)e

After the Matsubara sum (20) it is:

5 VZTEkt anh (ﬂ )e(th—|§k|)

Insertion of the unity 1 = [d&6(€ — &) results in the density of states per unit
volume and single spin component of the normal phase, p(§) = % Dk 0(€ — &),
The sum in k-space is changed to an integral in energy,

tanh ﬁ\/§2 +|A]?)
=9 [ den
VE AR
The density of states is almost constant in the thin energy shell || < fiwp:
I /"WD dgtanh(%ﬁw/@ + A2)
g9p(0)  Jo VE + A?

where p(0) is the density of states at the Fermi energy, g is the squared coupling
constant of the electron-phonon vertex.

O(hwp — [¢])

(21) gap equation
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e T = 0. The gap equation becomes:

1 /th 1
[l df ————
gro Jo VE + A7
with solution similar to Cooper’s result for the binding energy of a pair:
hw 1
(22) Ag = hiDl ~ 2hwp exp ()
sinh =5 gpo
The first correction is exponentially small:
A
(23) A(T) = Ao -V 27T/€BTA() exp(—ﬁ)
B
e T = T.. At the critical temperature the order parameter A is zero, and the gap
equation is an equation for 7,:

1 hp g e d
:/ i tanh (38.£) = / % tanh o
0 o T

900 3
Te 1
=tanh (z.) log(z.) —/ dx&f
0 cosh” x
& 1
~ logmcf/ dx ng
0 cosh” z
4 hwp Tp
:1 c 1 —_ c c = =
oge +log(Zem), @ =g =op

The approximations are justified by Tp /T, > 1. With C' & 0.5772.., the result is

1
(24) kpT. = 1.134 hwp exp (—)
9pPo
The following universal ratio is obtained:
2A0/kBTc
Al 3.53
Sn 3.63
2A
- 1‘3 =2re ¢ ~ 3.52 Hyg 3.95
Bc La 3.72
Pb 3.95
Nb 3.65

From: L. P. Levy, Magnétisme et supraconductivité, EDP Sciences 1997.

Near T, the order parameter is (see Remark 6.1)

8 T
(25) A(T) = mhoTey [z (1= 7

P’I‘OOf, Let us start from the very beginning: A = —g.%(x7,x71). For the homogeneous system
it is:

1 hwp A
A = 2gpo— dg—
9p0 ;/0 Eh%% T e A?

near T, the gap parameter is small, then we expand:

1 1 hwp 1 A2
— =200 — d. —
p poaz/o ¢ {h%%s? (2wZ + €02 T

Wn
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The Matsubara sums are evaluated in the first integral with temperature [3:

36hwD g A2 hwp 1
_ —/ —tanhx — 27 Z/O dgi(h%g% ez

Wn,

In the second integral A is small and we can set the Matsubara frequencies at 7' = T.. With
& = hlwn |z the second term is

2 wp /lwn]
,QAZ;/ _dz
Be 2= (wn)? Jo (1+a2)?

The upper limit is put oo with small error (because of the weight in front of the integral, and
because of the decay of the function as 1/z*. Tt becomes:

A2 > ™ A2
T B hpTo)? 23, (2n + 1)3 1 (rkpT)? 8C(3)

n=0

The equation for 1/g now is:
1
1 3Bhwp ¢ A7
(26) = /2 P anhe — ——_L¢(3)
x (rkpT)? 8
The first integral, at 8 = (. is precisely 1/gpo Then:

—tanhz = ,7Z<(3)

/%Bc’wn da A2
%,QEWD x (ﬂ"fBT)2 8

The function tanh z is 1 for large x. The integral is now log(T'/T.). Write T = T.. — (T. — Tr) in
the log and expand for small 7. — 7"

T A2

L T ka2 8<(3)

The result is obtained. |

4. THERMODYNAMICS

If Ky = Ko+ AV, then £ 7, = Ltr(e PK2) = —BZ, (V). Integration gives the
difference of thermodynamic potentials 2 — Qy = fol dA(V'), where the thermal
average is evaluated with K.

In BCS we have K, = K, — g [ dx(wiz/)iz/}ﬂ/}i). The formula gives:

Q. — 0,

_/g dg//dijwiwwg/

/ dg [ ax(u]ud)y ey /g dg [ xiax

For a homogeneous system:

ZZ

Qs_Qn gdgl 2
o

Differentiation of the gap equation gives:

g [ VA
g/2 OaA/ 0 \/m
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Now change to variable A’ = A(g’) and integrate by parts:

Qs = Q _ /A G /MD dgth(g £2+ A7
\% po 0 oA’ VE2 4+ A2
hwp  (h(E 21 A2 A N 2 L A2
:poA2/ PR CAVA St mepo/ dA’A’/ e MG VE+ A"
0 0

_ A72 90, /th df/ N A/th(x8 52 + A2
q /62 + A/2

change variable to z = é\/ 24+ A2

=— - dg [log cosh(§\/§2 + A?) —log cosh(gg)]
hwp hwp
_At 2/)0/ INGEINEE @/ dg [log(1 + ¢ AVEFAT) log(1 4 e7)]
9 0 B Jo

In the last integral the function is exponentially small for £ > ghw p and the upper
limit can be set +o0.

/ délog(l +e 7)) = Z / dwe—t = L Z
0 Ly B =
th AQ _ — —
/ deN/E2 + A2 = A2/ df ch?(8) = - [0+ sh(8)ch(9)]
0 0
where shf = 222 >> 1 is solved by 6 = log(2&2=) + i(hA)Q + ... Then:
hw
v th 1 2hwp, 1, A,
2 2= 1 =
/0 déV/E2 + A { A)+2+og( A )+8(th)+

We omit terms of order (A/hwp)?

€+1 Z+1 1 72

~B12

Q, —Qn A? 2 2hwp th 1 2
—_ = — = hw
v 7 poA {log( A )+(A) tgte + po(hwp)
2 4 o 2 2
l&; _ 2P0 dé log(1 + e PVETA?)
3B B Jo
A2 2 2hwp A2 72 00 4po o0 [e2 1 A2
= — - — —_—— - d€log(1 —BVE+A
J poA* log( A ) 5 Pot 3 325 §log(l+e )+

Simplify with eq.(22) for Ag: log(2&2) = log & Lo 4 ﬁ Then:

0, — 0 Ao 1 4 ;
(27) = = —pod? [logAO—i— 2} +%% - ﬂ/ d€ log(1 + e~ PVE+E?)

The thermodynamics is discussed in two limit cases: T near 0 and near 7.
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o T <« T,., where A(T) = Ag [1 — \/21kpT/Age 2o/kBT 1 } = Ap(1—9).
The expansion in small § is made, with leading terms

Q. —Q, 1 72 < ;
v - _§P0A(2) + ?Po(k?BT)2 - 4,00kBT/ dge PVETAT 4
0

The integral is dominated by the small z < 1 region:

(o) [e'e) 0o
/ dee PVETAT A / dpe—BRVIFT o A o= BR0 / due— 38007
0 0 0

= kBTAoe’BAO\/Z

71-2

Qs —Q, 1 _

% = —§POA3 + §/OO(ICBT)2 — po\/2m Ay (kpT)3/ 2= F %o
Only the first term is non-zero for T' = 0: it is the energy stored in the Cooper

pairs per unit volume.

Since Ny = N,, it is AQ/V = f; — f,, (difference of free energies per unit volume),

i.e. the (negative) condensation energy per unit volume. For T' <« T,:

Then:

(28)

HJ(T)2 1 o2 (kpT,\” T?
= —polj |1 — — — 4+ ...
8 9 P00 s\, )27
It follows that H.(0) = Agy/4mpg and
2 2 2 2C 2
ATy m (kTN T2 et
H,(0) 3\ A ) T2 3 T2

The universal ratio was used. The number is 1.06 and modifies the empirical law
by K. Onnes. The difference of entropies per unit volume is (the largest terms are
kept; note that kT < Ay in this limit):
0 Qs —Qy,
or v

2

2 A
=~ 7%/)0]{3’11 + 2p0+/ QWAo(kBT)g/QkijoﬂeiAo/kBT
B

The specific heats per unit volume can be obtained separately:

0s,  2m>
or = 3 PokET
Ag

s = 200V 21k BT (—=)%/2e=FR0
kgT

Ss —Sp = —

c, =T

o T = T,. It is not easy to use the formula (27). We go back to:
Q,—Q A d 1
— "= dAAP——

\% /0 dA! ¢!
The derivative is done easily with (26):

Q,—Q, A oA T 7 A4
= [ s e )] O
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Insertion of the expression (25) for A(T') near T, gives:

Q,—Q 1 8 T\®>  H(T)?
29 Tt (kT e (1 - ) = -2
With the value of H.(0) = /4wpgAg found at T' = 0 we obtain, near Ty:

H.(T) whpT, [ 8 T T
H0) ~ Ao m@(“ﬁ)”LMO ﬂ)

The first fraction is the universal ratio e“. The empirical law near T, gives instead
a factor 2.
The difference of the entropy densities

T
Ss — Sp = k2T, - —
mmB ( n)
gives the difference of specific heats at T,:

0 8w
oo o =Tegples ~en) = pozeg)

With ¢, = %W%Ok%T the ratio for the jump of specific heats at T, is obtained:

kB

Cs — Cp, 12
- =—— =143
Cn 7¢(3)

Some experimental values are: 1.60 (Sn), 1.45 (Al), 2.71 (Pb).

(30)

5. THE MEISSNER EFFECT

In linear response, the current density in presence of a vector field is

62

Ji(z) = ——n(x)Ai( hc/dw D (x, ') Aj(2')

mc

The retarded correlator i 2} (z, ') = 0(t —t')([67i(x), 6j;(z")]) is evaluated through
the T-ordered one —Z;;(x7,y7") = (T5:(x7)7;(¥7')) conn-
The charged current operator (in absence of A) is:

iy 0 0
i) = 0 5™ g Py O
n

Vi g, X~ -+ 2, n(x )]
—2ij(x7,y7") = (Tdji(x7)0j;(y7"))
= <—ieh)2 [a - a] [a — ‘91 D (x17, %27, x37', X47')

2m Oxy Oy | |oxf  Ox)

D (X17T, XaT, X37’, X47J) = Z <T¢L (x1, T)wu (x2, T)d%t (x3, T/)z/}# (X4, T/)>conn
v
= Z[%W(XQT, 37 )G (xa7’ x17) — ﬂgy(xlT, X37") P (XoT, Xa7')]
y13%
The last line is the Hartree Fock approximation.
For an homogeneous system, the Fourier expansions are inserted so that derivatives
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are done explicitly. Then the expressions of the BCS correlators are used. After
long algebra:

, eh \? [ dk
Pij(q,iv) = (2m> /W(Qi + 2k;) (g5 + 2k;)
h - h
ithy — Ek_;,_q + Ej ithy + Ek_;,_q — Fy

{ — (UpUptq + vkvk+q)2(nk+q —ng) [

+ (UkVhgq — UkVksq) 2 (1 — Ny — 1) 0 + f }
kVk+q ™ TkTkg M4 iy — Eraq — Ex | ihv + Eryq + Ei

The replacement iv — v 4 in yields the retarded function. The static limit is:
2
R [ eh dk o Nitq — Nk
%;;(q,0) = (2m> 2h/W(Qi + 2ki)(qj + 2k;) (ukUk+q + VkVitq) Brrg — En
Now take the long-scale limit, ¢ — 0:
2
R eh dk o o90n(Ey)
20,0) = | — h | —=kik;
250, ) (2m> 8 / (2m)3 j(uk + i) OFx

- 262713 / dk 2 on(Ey)
73 m2 (2m)3 O0Ey

1 e%h 1On(E)
= i e /dkk 5E

=9

where F = /(e — p)? + A2. For small g the static supercurrent is:

e?n 1
Jila) = ———Ai(g) = - 7;5(0,0)4;(q)
Dedine the super-electron density in the BCS theory:
(31) nS(T)nJr?):;n/O dkk‘*a%ﬁ
For low ¢ one obtains the relation by London
3@) = —Zns(T)A)
mc

that implies the Meissner effect, with screening length

_ 4re*ng(T)

2
o%(T) me2

The temperature limit behaviours of the density ng are:

T 1 . 27TA() _ Ag T O
(32) ns( ) _ {1 \T/ kT exp( k:BT) -
T,

n T—>T7

c

Near T' = 0 the effective number of Cooper pairs is ~ pgAg. However all electrons
participate to the supercurrent (like in superfluidity: all bosons are superfluid, but
only a fraction makes the condensate).

For T near T, Fetter and Walecka have an extra factor 2.
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6. THE GINZBURG - LANDAU LIMIT OF BCS

The Ginzburg-Landau theory was derived from the microscopic BCS model by
Gorkov in 1959 [10]. Near the transition line H = H.(T), the function A is small,
and the Dyson equation (13) for G(x,y;iw,) can be solved by iteration (Born
series):

G=G,+ %GnDGn + %GnDGnDGn + %GnDGnDGnDGn +...

The truncation to third order in D evaluates the correlators .7 (x,y,iw,) and
9(x,y,iwy,) in terms of the normal Green function and the gap function A:

(33) 9(1,2,iw,) = 9.(1, 2, iwy,)
1

R2

(34) Z(1,2,iwy) = —%gn(l,S,iwn)A(S)gn(Q,& i)

G, (1,3, i0n) A(3) % (4, 3, —iwn )N (4) G, (4, 2, iwn)

1 . . N . .
+ ﬁgn(l, 3, iwn ) A(3)9, (4,3, —iw, ) A(4)9, (4,5, iwn ) A(5)9, (2,5, —iwy,);

(space variables 3,4,5 are integrated). The expansion (33) is used to evaluate
the super-current, and yields the second G.L. equation. Eq.(34) with 2 = 17 and
summation of Matsubara frequencies, is a cubic equation for the gap function A(1),
and yields the first G.L. equation for the order parameter 1) oc A:

(35) éA(l) = /d2Q(1,2)A(2)+/d234R(1,2,3,4)A(2)Z(3)A(4)

with weight functions
Q(1,2) h2ﬁ Z% 1,2,iw,)%, (1,2, —iwy)

R(1,2,3,4) h‘*ﬁ Zg 2, iwn )Y (3,2, —iwn) G0 (3,4, iwn )Y (1,4, —iwy,)

The Green function oscillate rapidly on a scale r > k;l, that measures the average
distance of electrons. For simplicity we restrict to the case of zero magnetic field
(see Fetter-Walecka for the case with magnetic field).

dk eik-(xfy) m 1 etkrar
ggn Y ] n) — . = T4 - dr———
(%, iton) _/(27r)3zwn—§k/h 2271'27"/]Rm T2

where 7 = |[x—y| and 22 =

erz (p+ihw,) ~ 1+ihw,/ufor T < Tp. For p > hw,

itis z = £1 + §hwn /. The integral is evaluated with the residue theorem, by
closing the path in Im « > 0. The encircled pole is z = sign(wy,) + t|wy|/p-

, m
(36) G, (X,y,iwy,) = ~ 57

exp {ik‘pr sign(wy) — rw}
vp
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As a consequence @) has an exponential decay
1 , .
Q(x—yl) =25 Z%L(x, Y, iwn )Y (X, y, —iwn,)

2

-1
_oplwnl 2rr ]

m
Tp — inh
7r2h46r2 2 ¢ = g [Sm hBur
The order parameter of GL theory decays on the scale of the coherence length &,

that diverges near T,. In BCS the order parameter is expected to decay similarly.
The following expansions are justified:

/dy@ ly — xA /dy@ Aly +x)
15) 02
/dyQ [1 +yja + ygyka oo + .. } A(x)

= A(x)/dyQ(y) + 6V2A(X)/dyy Qy) +

1 dkdq (it q)- 1 1
/dyQ(y) ~3 Z/dy/ (2m)6 +q ymw — & —ihw, — &,

1 dk ~ Phop qe ¢
_BZ/ @mP R +& " 0/0 ey

—_

_ 1 E + 1 ~ T.-T + l
= po log T g ~ po T 7
25% o 2 m2B203, 7¢(3)  7¢(3 hop 1?
0 sinh y 8m4h 2 8 kT,
- mkp
po = 2m2h2

The same approximation applies to the term with kernel R, which is itself a cor-
rection: [ dxy23R(x,X1,X2,%3)A(x1)A(x2)A(x3) & R A(x)|A(x)]?

R= /d(234) R(1,2,3,4)

1 . ‘ . ‘
Sy Z/d(234)%(1,2,zwn)%(3,2, —iwn) Y (3,4, 1w, )G (1, 4, —iw,)

dx
B 6/ 3Zh2w2+§2 ~T pOZ hlwnl /1+x2)

- (ﬂk TC)2 S(rkpTo)2"°

Remark 6.1. For a homogeneous system, the order parameter A does not depend
on position. Eq.(35) is: % =A [dyQ(y) + AR i.e.

TC_T 76:()
T, -4t poBe

The equation gives the expression (25) of A(T) close to the transition.

0=po
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Equation (35) for A is:
0= CV?A(x) + AA(x) + RA(x)?
with C' = % [dyy*Q(y), A= [dyQ(y) — é. If we assume that A(x) = K f(x):

f7€2772§3
0= AVf f KAf

It becomes the 1st GL equation 0 = —¢2V2f — f + f3 with the identifications

7¢(3) hwp 82 T
=kpTey| =———=1/1 — =
67 &= 487r2 ksl \ T T B\l 7¢(3) 7./
The expression for |a| is obtained from ¢&:
la| = _mr o (2m) 6 (wkpTe)? 1T
C2mrE2 \m* ) T¢(3)  er T,

The expression for b is obtained from H.(T') near the transition, eq.(29), where GL
holds:

b 47a? _<2m>2 6 (mkpT.)?

H(T)? ~ \m*) 7C(3) nep

where we used poer = (3/4)n, where n is the uniform density of electrons. The
ratio for the bulk density is:

2_|a\_ m* _z
== (5)"(-7)

If we identify ¥2, = ng and compare with (32) near 7T, we conclude that m* = 2m.

7. THE BOGOLIUBOV - DE (GENNES EQUATIONS

The matrix operator K, acts on the Hilbert space L2(R3) x C? and is self-
adjoint. It has real eigenvalues, and the eigenvectors form an orthonormal basis.
The eigenvalue equation

(38) [ Zk&) A_%Z) ] [ Z‘Zgﬁ } = Fe { Zgg ]

gives the pair of Bogoliubov - de Gennes equations:

(kug)(X) + A(X)vq(x) = Equg(x)
(kva) (%) — A(X)uqe(X) = —Eqvq(x)

If (4, vq) solves them with eigenvalue E, > 0, then (—7,, u,) is a solution with
eigenvalue —F,. The equations (38) with eigenvalues +F, may be written jointly:

) [ 0] _[bg e M8 0]

Ua(X)
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The ortho-normalization and completeness of the doublets in Hilbert space may be
expressed in matrix form:

(40) /dx[ up(x)  vp(x)

—vp(x)  up(x)

TR S e il N

E.>0

Diagonalization of the many-body Hamiltonian. The matrix relation (39)
suggests that the many-body Hamiltonian is diagonalized by the following trans-
formation to new operators:

@ [R]-sl 1]

This and the adjoint are, in detail:

(43) P00 =D (wa(x)da —Ta(x)B]),  d[(x) = Y (@a(x)@] — va(x)8a)

(44) ’&T(X) = Z(@a (X)dl + Uq (X)Ba)a Q@i(x) = Z(Ua (X)dq + g (X)ﬁg)

Inversion is done with the aid of (40):

(45) /dx Ua( Va(x) ¢J,(X)

—Va(X)  Uq(X) ¢T(X)
The adjoint operators are also obtained. The transformation is canonical i.e. the
new operators have canonical anticommutation relations:

(46) {Ga, @} = 0aby  {Bar B} = dut

and all other anticommutators vanish. By eq.(39)
— Uq (X) —Uq (X) Ea 0 da
(Kx‘l’)(x) - za: |: va(x) ﬁa(X) :| { 0 -E, ] [ /3)(]; }

Evaluation of Kpcg = Jdx UTKW and (40) give a diagonal operator for quasipar-
ticles (bogolons):

(47) Kpes =Up + ZE (&l 6o + B15a)

where Uy = — ) E,. The ground state is defined by
Gq|BCS) =0  B,|BCS) =0, Va

The gap equation. The change of basis (43) simplifies the gap equation, with
thermal average with the diagonal operator (47)

_ Z o ()T () (@ 0) — B (x)up () (Ba B}
fgzua 172”(E )]
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where n(FE,) = (e/F« 4+ 1)7! is the Fermi-Dirac occupation number of the state
with energy F,. Then:

(48) A(x) =g uq(x)Ta(x) tanh <§E)

The equation must be solved self-consistently with the Bogoliubov - de Gennes
equations for u, and v,. As the gap function depends on temperature, the ampli-
tudes uq, v, as well as the energies E, depend on T'.

Exercise 7.1. Show that 2 = —% > . log (2 cosh %6Ea)

Exercise 7.2. Show that the average density of electrons is:
(49) n(x) =Y |ta(x)[*na + [va(x)*(1 = n4).

Homogeneous systems. In homogeneous problems there is no external field and
A is constant. An analytic solution is found in momentum space. We seek for a
solution of the Bogoliubov - de Gennes equations of the form

o [l

The eigenvalue equation is algebraic:

@ A Uk _ Ek Uk
A =& U, Vg,
where &, = € — p is the single-particle energy of the normal phase, measured with

respect to the chemical potential. The homogeneous system admits a nontrivial
solution if

(51) Bp =/& + AP

(the positive root is selected for stability). The energy gap |A| separating the
Fermi surface & = 0 from the lowest excitation, profoundly modifies the properties
of the electron gas at low temperatures.

The amplitudes solve the normalization condition |ug|?> + |vg|> = 1 and the
eigenvalue condition &xuy + A vy, = Epug. The latter gives |A||vk| = (Ex — &k)|ukl,
with solutions

1 Ek 1 &k
(52) |uk|2—2<1+Ek>, ”’“2_2<1_Ek>

In the normal phase Ej = |&|; then: |ug| = 0(ex — ) and |vg| = 0(u — €x).
The equation &uy, + Avy = Epuy, gives Alvg|? = (Ex — &)ugy, ie. the useful
relation:

_ A
(53) URVE = 27_E‘k.
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The expansion of the field operators in the two canonical basis,
d}#(X) -y e { Gk ]
¢¢(X) n vV Ay 4
= Z e Uk —Ug Ok
— v Lo m || B
implies the Bogoliubov - Valatin transformation:

ak, | [ ur -7 Qi
(54 [ dT—k,T ] a { U: ﬂkk } { BT—k ]

and the Hermitian conjugate. Inversion gives:

(55) b = T,y + Upal s, a&f, = upal | +vka_ics
(56) B = —ﬁk&f_k7¢ + Ul 1, ﬁl = —Vpl_xk,| + deLT

The operators dyx and Sy annihilate, for all vectors k, the state

(57) |BCS) = Hk(ak +paf.al))0)

which reads as a sea of Cooper pairs?. In the normal phase (A = 0) it coincides
with the filled Fermi sphere.

Creation operators break Cooper pairs and create excited states (bogolons) con-
sisting of Cooper pairs and unpaired electrons. For example:

al|BCS) = [[ (aq + 40’ 4l )af, |0)
q#k
BLLIBCS) = [] (g + v4al ral,,)al,10)
a#k
OAlkBT_k|BCS> = Ug H (g + ﬁthqwdgﬂdhdfcﬂm
a#k
Exercise 7.3. Show that the thermal occupation numbers are

. 1
<‘1Tk¢ak’r> =3 [1 - %tanh(%ﬁEk)

Note that (BC’S|&I(TdkT|BCS> = |vg|? (the thermal average at T = 0).

Exercise 7.4. The Nambu-Gorkov propagators can be represented as expansions
in the Bogoliubov - de Gennes eigenstates. Show that:

5 I ) = 3 1o 0IT) | T Ctelx)

a

(59) F(x, %X, iwy,) = Z

a

7ua(x)ﬁa(x’) T (X)ug (x')
iwn, — Eo/h  dwn, + Eq/h

4In [6] Bardeen, Cooper and Schrieffer (1957) introduced the state with variational parameters
ug, and v, with |ug|24|vg|? = 1 for normalization. Minimization of (BC'S|K.g|BC'S) with respect
to the parameters yields the same results presented here. Bogoliubov and Valatin independently
simplified the theory by their canonical transformation [7, 8].
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and recover the gap equation (48) by evaluating the Matsubara sum
1 )
A(x) = —gﬁ zn: F (X, X, iwy, ) e

8. APPENDIX: THE HARTREE APPROXIMATION

To gain some understanding of the Hartree approximation in BCS, let K =
Ky + K1, where Kj is the one-particle term, and K is the quartic term (see also
[14]). The thermal average of field operators in interaction picture is

TR T (BB, 0) (1) (x2) .. K,
(60) (T (1)d(z2) .. i = o (R O .

where z = (x,7) and

Wi(15,0) = T exp ( 2/ /wdaz G )(z&m)(x)D

The four-fermion interaction may be splitted with the introduction of an auxiliary
complex field ®(x).
Consider the following multidimensional integral with complex variables:

2
/H d ~j e~ > ellzkP+akzr+2eBr) _ ek AkBr
L 7

In the extension to a continuum, the label k is replaced by a variable x that may
be multi-dimensional. The result is known as the Hubbard-Stratonovich transform:

(61) N / P2pe- A1 2@)P+a@2(@)+3(@A()) _  f dra(@)b()
Zs
Zo = / e | dsl2@

The formula is usually used in the reverse direction: at the cost of an integral with
auxiliary field, the product of the fields o and 3 is decoupled.

We obtain a Gaussian functional integral, where all pairs of operators commute
because of T—ordering’

1 —~ « AL A
4(05.0) = 5 [ P exp [~ o) — @iy + o))
_ 2 _i/ 2
Zy = /@ ¢ exp[ g dx|®(z)|
The BCS partition function is Z = ZO (%1 (hB,0)) k,, with Zy = tr (e7#K0) and
(62) (% (hB,0) — / 2% Te S[‘I>§]>
Ko

A variation 6® of the field gives, to first order

(Te~#Si@d+s8]y <Te—%s[¢§1 {1 + / dz6d(z) B(b(x) WT(xm(x)} +.. } >

Since the measure is invariant, this gives a Ward identity:

%/9@<T67%S[¢)§] [(b(a:) +9¢A’T(x)i)¢($)} >K

Ko

0
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Now comes the approximation: the main contribution to the functional integral
comes from the auxiliary field ® that maximises the Boltzmann weight (Te=5/").
The extremum A(z) makes the first variation to vanish

(63) (Te B [A@) + i ()i (@)] ) =0

This is the gap equation (4) for A(x) (time-dependence cancels because of equal
times).
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