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Arthur Cayley James Sylvester

V
W

Av=w, Bw=z, (BA)v=z 
Cayley, 1855

Matrici reali, complesse, quaternioniche 
      a              a+ib           a+ib+jc+kd

Sir William Rowland Hamilton 
1805-1865

Assiomi del campo complesso (1833)  
                        e quaternionico (1843)

MATRICI e mappe lineari sui VETTORI



I GRUPPI CLASSICI

SO(N) = gruppo delle matrici reali NxN che 
conservano la lunghezza del vettore (rotazioni)

SU(N) = gruppo delle matrici complesse NxN che 
conservano la norma del vettore  (m. unitarie)

Adolf Hurwitz

Hermann Weyl

Sp(2N) = gruppo delle matrici di quaternioni 2Nx2N  
che conservano la norma del vettore (1939) 

Parametrizzazione con Angoli di Eulero (Hurwitz, 1897)  
Matrice di rotazione = punto in uno spazio di angoli 
SO(3):  3 angoli (rotazioni dello spazio) 
SO(N): N(N-1)/2 angoli 
Misura invariante per azione del gruppo 



GOE: matrici reali simmetriche Gaussiane 
invarianti per S         RSR*, R in SO(N) 
GUE: matrici complesse Hermitiane Gaussiane 
invarianti per H        UHU*, U in SU(N) 
GSE: matrici simplettiche Gaussiane 
invarianti per K        JKJ*,   J in Sp(2N)

THE THREEFOLD WAY. Algebraic Structure of Symmetry Groups 
and Ensembles in Quantum Mechanics (Freeman Dyson, 1962)
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GAS DI AUTOVALORI INTERAGENTI  
(ELETTROSTATICA 2D SULLA RETTA) 

(Stieltjes, Jacobi, … , Riesz)

N particelle in potenziale armonico 
con interazione log |x-y| 

Posizione di equilibrio: gli zeri  
del polinomio di Hermite H_N(x)
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EUGENE WIGNER FREEMAN DYSON

Nobel 1963: “for his contributions 
to the theory of the atomic 
nucleus and the elementary 
particles, particularly through the 
discovery and application of 
fundamental symmetry 
principles”

Pair correlation per 8 milioni di zeri di Riemann 
attorno allo zero # 10^29 e la curva GUE 
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Fisico e matematico 
eclettico. Dimostro`
l’equivalenza della teoria 
elettrodinamica (QED) di 
Feynman e di Schwinger-
Tomonaga
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LE PROPRIETA` STATISTICHE DEGLI AUTOVALORI 
SONO UNIVERSALI. NON DIPENDONO DALLA 

DISTRIBUZIONE DELLA MATRICE

Esempi:  
distribuzione delle spaziature di livelli vicini P(s) 
distribuzione dell’autovalore massimo (statistica di Tracy-Widom per eventi rari)

LE MATRICI RANDOM GAUSSIANE
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LE TEORIE DI GAUGE PER LE INTERAZIONI FONDAMENTALI

In meccanica quantistica la descrizione di una una particella libera e` data da: 
- osservabili X, P, S, m, e, …   
- stato (un campo d’onda)  
- dinamica (eqz. di Schrodinger, Dirac, …)

X’=U*XU=X  
Pertanto U=U(x)  
P’=U*(x)(-id)U(x)= -iU*(x)dU(x) + P

 0
j(x) = Ujk(x) k(x)

<latexit sha1_base64="t+u06RLGJ12cmUplzfWD82Dgxow=">AAACDnicbZDLSsNAFIYnXmu9RV26GWyLdVOSUtCNUHTjsoJpC20Ik+mknXZyYWYiltAncOOruHGhiFvX7nwbJ2kW2vrDwMd/zuHM+d2IUSEN41tbWV1b39gsbBW3d3b39vWDw7YIY46JhUMW8q6LBGE0IJakkpFuxAnyXUY67uQ6rXfuCRc0DO7kNCK2j4YB9ShGUlmOXin3I0GdMTytPpzBS2g5yXgySznzJzDFsqOXjJqRCS6DmUMJ5Go5+ld/EOLYJ4HEDAnRM41I2gnikmJGZsV+LEiE8AQNSU9hgHwi7CQ7ZwYryhlAL+TqBRJm7u+JBPlCTH1XdfpIjsRiLTX/q/Vi6V3YCQ2iWJIAzxd5MYMyhGk2cEA5wZJNFSDMqforxCPEEZYqwaIKwVw8eRna9ZrZqDVu66XmVR5HARyDE1AFJjgHTXADWsACGDyCZ/AK3rQn7UV71z7mrStaPnME/kj7/AGeCZlN</latexit>

U(1) = elettro-magnetismo 
SU(2)xU(1) = interazione elettrodebole 
SU(3) = interazione forte

(Dµ )j = @µ j � qAµ,jk k

<latexit sha1_base64="K7Lw0Zs6NB04GcBDwsWR4PJSX9I="></latexit>

1979: S. Glashow, A. Salam, S. Weinberg 



- SVILUPPO 1/N 

A bassa energia i quark non sono mai isolati ma formano  
doppietti qq* (mesoni), tripletti (p,n, …) etc. 
Non vale la teoria perturbativa (partirebbe da quark liberi). 
 -  TEORIA DI RETICOLO

In MQ un problema con simmetria sferica e` riducibile a un problema  
radiale nel sistema rotante (en. cinetica con termine centrifugo). 
Soluzione esatta solo in pochi casi (atomo H, oscillatore armonico, …) 
Alternativo allo sviluppo perturbativo: SO(3)         SO(N).  
L’equazione radiale e` risolta in sviluppo 1/N (poi N=3):    

Gerard ‘tHooft
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E = E0 +
1

N
E1 +

1

N2
E2 + ...

SU(3) (3 quark, 8 gluoni)           SU(N)

j,k



Cubo 
F=6, V=8. E=12 

h=0

Ottaedro 
F=8, V=6. E=12 

h=0

EULERO: 2 - 2H = F + V - E

h=1 h=3

LO SVILUPPO 1/N classifica i grafi 
di Feynman in base alla loro topologia: 

N^2: grafi PLANARI (sulla sfera) 
N^0 grafi sul toro 
1/N^2 grafi sul 2-toro  

….



In dimensione 4 e` un problema difficile (equaz. di Migdal-Makeenko per i gluoni) 
In dimensione 0 si riduce a un integrale multiplo ordinario (su MATRICI) 
(Brezin, Itzykson, Parisi, Zuber, 1975)

Z =
R Q

ij dHij e
�NTr(M2+gM4)

<latexit sha1_base64="aNlkQw3h9fMamKy0nsrVuMrRuus="></latexit>

dH = dU
Q

k dxk
Q

j<k(xj � xk)2

<latexit sha1_base64="WntyxGPlcV6EGweuVlkkIjN/S6E="></latexit>

IN DIMENSIONE 0: Z[G,N] CONTA I DIAGRAMMI.  

MECCANICA STATISTICA ! 

Integrazione con punto di sella (N grande), Polinomi ortogonali (integrazione esatta)



MECCANICA STATISTICA SUI GRAFI PLANARI RANDOM 
(gravita` quantistica 2D con materia)

0.2 0.4 0.6 0.8 1.0

0.2

0.4

0.6

0.8

1.0

Modello di Ising  con campo esterno su grafi random = 
Modello a 2 matrici:  Tr[ A^2+B^2 +gA^4 + gB^4 -2c AB ]

E = �J

X

hi,ji

SiSj +H

X

j

Sj

<latexit sha1_base64="R1470Dkg2eiJsotdKImLb98kwHA="></latexit>

Modello di Ising per il ferromagnetismo.  
Soluzione esatta: Onsager (1944) con H=0 
Magnetizzazione spontanea: Chen-Ning Yang (1952)

Si = ±1
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CAOS QUANTISTICO 
(come si manifesta il caos classico in MQ?)

Biliardi caotici 

A) Biliardo di Sinai,  
B) Atomo H in campo H forte 
C) Spettro NO2 
D) …  
E) Spettro cavita` 3D microonde 
F) Frequenze di una lamina 1/4 stadio di Sinai



✓0 = ✓ + P 0
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P 0 = P �K sin ✓0
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U = e�iK cos ✓e�iP 2/2
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Standard Map (Chirikov-Taylor, 1979)

H =
1

2
P

2 +K cos ✓
X

n

�(t� n)
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K=1 K=5caos classico

In meccanica quantistica, in regime caotico, l’energia <p^2> cresce come radice t  
e poi si arresta. Autostati di U esponenzialmente localizzati (localizzazione dinamica)  
<m|U|m’> e` una matrice ``pseudo-random’’ a BANDA 

IL KICKED ROTATOR
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Scaling Properties of Band Random Matrices

Giulio Casatir' and Luca Molinari '1

Oipartimento di Fisica, Universita di Milano, Via Celoria 16, 20133Milano, Italy

Felix Izrailev
Insiirure of Nuclear Physics, 630090 Novosibirsk, U S S.R. .

(Received 22 January 1990)

It is shown on the basis of numerical data that the normalized localization length of eigenvectors of
band random matrices follows a scaling law. The scaling parameter is b2/N, where b measures the
bandwidth and N is the size of the matrix.

PACS numbers: 05.45.+b, 72.15.Rn

In a previous investigation' on the statistical proper-
ties of quantum "chaotic" systems, it was found that in
the particular model of the kicked rotator on the torus,
localization effects display a scaling behavior. This scal-
ing is connected with the quantum suppression of classi-
cal dynamical chaos and has a counterpart in the scal-
ing theory of localization for one-dimensional disordered
systems of finite size.
The one-period evolution of the kicked rotator, in the

angular momentum representation, is given by a unitary
NxN matrix. The matrix elements are appreciably
different from zero only inside a band of size 2k, where k
is the strength of the perturbation. Outside the band
they decay exponentially. In the case of classical strong
chaos, the matrix elements can be considered as pseu-
dorandom numbers, and when k is large enough, the uni-
tary matrix exhibits the statistical properties of the
circular-orthogonal ensemble. The scaling parameter
which describes the statistical properties in the regime of
full classical chaos is the ratio k /N. The quantity k is
proportional to g, the localization length measured
through the rate of exponential decay of the eigenvectors
in the limit of infinite size (N ~).
The natural question then arises whether scaling be-

havior is a general property of random matrices with a
band structure. This is an interesting mathematical
problem, which is also relevant for physics. Indeed, band
random matrices may be regarded as models for quan-
tum systems whose states are only partially coupled to

each other by the interaction. For example, this feature
is common to many models of solid-state physics and
may be relevant for several problems in atomic and nu-
clear physics.
In this paper, we consider ensembles of real symmetric

band random matrices (BRM). The statistical proper-
ties of such matrices are poorly understood, except in the
limiting cases of Gaussian-orthogonal-ensemble (GOE)
(Refs. 9-11) and tridiagonal matrices. In the latter
case, the eigenvectors display an exponential localization
in the large-N limit: y„=exp( —~

n n~/og—) (Ref. 7),
where g is the inverse of the Lyapounov exponent, com-
puted, for example, by means of Thouless's formula' or
by the transfer-matrix method. ' The investigation of
the intermediate situation, with particular reference to
the localization properties of eigenvectors, is the object
of this paper. Unlike the random-matrix theory, for
which many analytical treatments are available, the lack
of rotational invariance of BRM ensembles makes the
use of computer simulation unavoidable at this stage.
Before presenting our results, we would like to men-

tion that a particular class of band matrices ("bordered
matrices" ) has been considered by Wigner. ' They are
characterized by integer diagonal entries . . . , —2, —1,
0, 1, . . . and a band of size b of matrix elements a;~= ~ h, where h is constant and the sign is random; out-
side the band a;~ =0. The model is analytically solvable
in the tridiagonal case, and exhibits a semicircle distribu-
tion of the eigenvalues in the limit b and h))1, with

1990 The American Physical Society 1851
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Yan Fyodorov

Medie di disordine con variabili di Grassmann 

 a b = � b a
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D det(M � z)

det(M � w)

E
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Particella nel reticolo cubico. In ogni sito il potenziale e` diverso  
(un numero random in [-W,W]) 
Nel reticolo infinito: 
per W<Wc gli autovettori sono estesi (conduttore) 
per W>Wc gli autovettori sono exp localizzati (isolante)

Absence of Diffusion in Certain Random Lattices 
Philip Warren Anderson (1957)

LA LOCALIZZAZIONE DI ANDERSON



E LA TRANSIZIONE METALLO - ISOLANTE

LA LOCALIZZAZIONE DI ANDERSON

uk+1 + uk�1 + ✏kuk = Euk

<latexit sha1_base64="otTxqUM+4FbcsxxrA+zP0XgYcYo=">AAACGHicbZDLSsNAFIYn9VbrLerSzWAjCMWalIJuhKIILivYC7QhTKaTdsjkwsxEKKGP4cZXceNCEbfd+TZO0iy0emCYj/8/h5nzuzGjQprml1ZaWV1b3yhvVra2d3b39P2DrogSjkkHRyzifRcJwmhIOpJKRvoxJyhwGem5/k3m9x4JFzQKH+Q0JnaAxiH1KEZSSY5+bhgwcVK/Zs1gLYOzDOCQxIIy1eAr14dX8Da/DcPRq2bdzAv+BauAKiiq7ejz4SjCSUBCiRkSYmCZsbRTxCXFjMwqw0SQGGEfjclAYYgCIuw0X2wGT5Qygl7E1QklzNWfEykKhJgGruoMkJyIZS8T//MGifQu7ZSGcSJJiBcPeQmDMoJZSnBEOcGSTRUgzKn6K8QTxBGWKsuKCsFaXvkvdBt1q1lv3jeqresijjI4AsfgFFjgArTAHWiDDsDgCbyAN/CuPWuv2of2uWgtacXMIfhV2vwbU8uc1A==</latexit>

k-1k-1
2

6664

✏1 1
1 ✏2

. . . 1
1 ✏N

3

7775

<latexit sha1_base64="gOBElFVFlj1W1IaGyRZBAMiVLoo="></latexit>

Matrice random tridiagonale
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Teorema di Furstenberg: gli autovalori di 
T(E) sono exp[n t(E)] e exp[-n t(E)] 

Autovettori esponenzialmente localizzati 
t(E) = formula di Thouless

Disordine uniforme in [-W,W]

k



L.G. Molinari, arXiv:2206.14428

H2 =

x + y 0 1
0 0 1 y 0 1
1 1 0 1 0 0

x 1 0 0 1
0 0 0 0 1 y
1 1 0 1

0 1 0 1
1 1 0 1

x 1 0

Q5 =

1 1 1 1 1
1 2 3 4 5
1 3 6 10 15
1 4 10 20 35
1 5 15 35 70

det Hn (e−iθ, eiθ) = e−i(n + 1)θ det(Qn + e2iθ)
n θ = 0 π/6 π/3 π/2 π/4
2 20 32 3 7 0 8 2
3 132 102 42 24 70
4 1452 252 3 429 0 526 2
5 26741 1402 7436 74 13167
6 826540 5882 3 218348 0 280772 2

A surprising connection with famous models in combinatorics 
(plane partitions, lozenge tilings, dense loops on cylinder)

Adjacency matrix of a nanocone (size � )n 2

Pascal Matrix (size � )n

Graphene nanocones and Pascal matrices
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